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Abstract
Landmark manifolds consist of finite collections of distinct points in an underlying
space, referred to as landmark configurations. The dynamics of these configurations
can be used to represent flows, such as solutions to ODEs or shape deformations. In
this work, we consider landmark configurations in Euclidean space and study how
they can be connected via flows of vector fields. For dimensions greater than or equal
to two, we explicitly construct two vector fields whose flows can connect any pair of
landmark configurations with the same cardinality. This property is known as exact
universal interpolation. In dimension one, we show that the same result holds for pairs
of landmark configurations that share the same relative ordering. In all dimensions,
controllability is achieved using one constant vector field and one polynomial vector
field of degree three.

Keywords Controllability · Landmark manifolds · Shape theory · Controlled neural
ODEs · Diffeomorphisms

Mathematics Subject Classification 93B05 · 57N25

1 Introduction

In this paper, we will show that for a manifold of an arbitrary number of landmarks
in Rd , we can obtain controllability by using only two vector fields. These landmarks
show up as tools of approximation for shapes and for solving Neural ODEs. If M
is a finite-dimensional manifold and E ⊆ T M is a subbundle of the tangent bundle,
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then controllability with respect to E means that flows tangent to this subbundle can
transport any initial point x ∈ M to any final point y ∈ M , see, e.g., [4, 11, 32]. The
same question can also be asked when it comes to two different shapes rather than
points, where shapes in this setting denote embeddings� ↪→ M of a fixedmanifold�.
The question of controllability in such shape spaces has been previously considered
from the perspective of optimal control theory in Young [35] and Arguillère [6–8], see
also [19]. In particular, flows of the submodule generated by any bracket-generating
family gives the entire identity component of the diffeomorphism group [3], see also
[18, 20] for the case of manifolds with boundary.

Rather than taking the infinite-dimensional point of view, we approximate the
embedding of � by a finite collection of distinct points x = (x1, . . . , xn), each in
R
d , which is called a landmark configuration or a landmark set of cardinality n. As

an approximation of matching two different shapes, we ask if we can move any initial
configuration x = (x1, . . . , xn) along given vector fields X1, . . . , Xm to a final con-
figuration y = (y1, . . . , yn), meaning that the flow has to map xi to yi simultaneously
for each i = 1, . . . , n. See Sect. 2.2 for further details. The geometry of the landmark
manifolds is described in, e.g., [9, 26, 34] and has been addressed in control theory as
ensemble controllability, see, e.g., [1, 13]. For convergence results as the number of
landmarks n approaches infinity, we refer to [22]. Controllability of landmarks repre-
senting shapes is also relevant for determining the most probable way of connecting
two landmark configurations under a stochastic flow, see [21, Section 6] for details.

Furthermore, controllability on landmark manifolds is related to Neural ODEs, i.e.,
neural networks learning an ODE model [5, 12, 14, 31], see also Sect. 2.3. Given a
model

d

dt
ϕθ
t = θ1(t)X1(ϕ

θ
t ) + · · · + θm(t)Xm(ϕθ

t ), ϕθ
t : Rd → R

d , (1.1)

we want to learn θ = (θ1, . . . , θm) by minimizing a given loss function measuring the
difference between a dataset of targets and the values of ϕθ

t at given landmarks and
times. Proving that the model (1.1) has the ability to match any given targets is again a
question related to the controllability on the landmark manifold. For results related to
a neural networks to approximate flow maps from the point of view of control theory,
see, e.g., [17, 33].

Our main result is that for a given dimension d for the ambient space R
d , we

construct a pair of vector fields that give complete controllability of an n-landmark
configuration, independent of the cardinality n.

Theorem 1.1 For any d > 1, there are two vector fields X and Y on R
d with the

following property: For any n ≥ 1 and any x1, . . . , xn, y1, . . . , yn ∈ R
d with

xi1 �= xi2 , yi1 �= yi2 , whenever i1 �= i2,

there exists a finite collection of numbers s1, s2, . . . , sl , t1, t2, . . . , tl ∈ R such that

es1X ◦ et1Y ◦ es2X ◦ et2Y ◦ · · · ◦ esl X ◦ etlY (xi ) = yi , for all i = 1, . . . , n.
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We can choose X and Y so that X is a constant vector field and Y is a homogeneous
cubic polynomial vector field. For d = 1, the result also holds as long as x1, . . . , xn
and y1, . . . , yn have the same relative order, that is xi < x j ⇔ yi < y j for any i �= j .

Following the terminology of [16], we can state Theorem 1.1 as follows: For any
d ≥ 1, we can find two vector fields X and Y such that the family span{X ,Y } has the
exact universal interpolation property.

Our result for the case d = 1 is special, as we cannot continuously interchange the
order of two real numbers without them at some point being equal. Theorem 1.1 for
universal interpolation with two vector fields improves the result shown in [16] where
the same result was shownwith five vector fields, (also polynomial degree 3 or less), as
well as the results in [2] where the number of vector fields depends on the dimension
d. Similar to these references, our main approach will be to use the bracket-generating
condition for the proof, see Sect. 2.1 for details. Our results are local, and hence, we
may replace R

d with any connected open set � ⊆ R
d . Theorem 1.1 follows from

three theorems stated in Theorems 3.1, 3.3, and 4.1 corresponding to the cases d = 1,
d = 2 and d ≥ 3, respectively. The vector field X and Y are then given in the table
below, where the indices in the case of d ≥ 3 are given modulo d.

X Y

d = 1 ∂x x3∂x
d = 2 ∂x −y(3x2 − y2)∂x + x(x2 − 3y2)∂y
d ≥ 3 ∂x1 ‖x‖2 ∑d

j=1 x
j ∂x j+1

2 Preliminaries andmotivation

2.1 Controllability and the bracket-generating condition

Let M be a connected manifold. We will write its tangent bundle as T M and its
sections, i.e., vector fields on M as �(T M). Similarly, if E ⊆ T M is a subbundle of
the tangent bundle, we write �(E) for the space of vector fields taking values in E . If
X and Y are two vector fields, we define its Lie bracket [X ,Y ] as

[X ,Y ] f = X(Y f ) − Y (X f ), for any f ∈ C∞(M).

An absolutely continuous curve γ : [0, 1] → M is called horizontal with respect to
the subbundle E ⊆ T M if γ̇ (t) ∈ Eγ (t) for almost every t . For every q ∈ M , we define
the orbit Oq of E at q by

Oq =
{

p ∈ M : there is a horizontal curve
with γ (0) = q and γ (1) = p

}

.
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We say that we have complete controllability with respect to E if Oq = M for any
q ∈ M . The following sufficient condition for controllability is useful. For every
q ∈ M , we define

Lie(E)q = {
Xi1 |q , [Xi1 , Xi2 ]|q , [Xi1 , [Xi2 , Xi3 ]]|q , . . . , : Xi j ∈ �(E)

} ⊆ TqM .

We say that E is bracket-generating if Lie(E)q = TqM for any q ∈ M , i.e., if we
can span the entire tangent bundle vector fields with values in E and their iterated Lie
brackets.

Theorem 2.1 (Chow–Rashevsky Theorem [15, 30]). If E is bracket-generating, then
Oq = M for any q ∈ M.

We remark that q ∈ Op if and only if p ∈ Oq , and hence, if Oq = M for one
q ∈ M , then this result will hold for the orbit at any other point. Theorem 2.1 is
a special case of the Orbit Theorem, see, e.g., [4, Chapter 5]. Following the latter
reference, we also observe that if X1, . . . , Xm is a collection of vector fields spanning
E , then

Oq = {et1Xi1 ◦ et2Xi2 ◦ · · · ◦ etl Xil (q) : t j ∈ R, i j ∈ {1, . . . ,m}, l ≥ 1}.

Here et X denotes the (local) flow of the vector field X , i.e., ϕt (q) = et X (q) solves the
equation d

dt ϕt (q) = X(ϕt (q)), ϕ0 = idM . If M is multiply connected, then the curve
t �→ et X (q) is smooth and so et X (q)will always be in the same connected component
as q ∈ M . Hence, if M is not connected, the bracket-generating condition implies that
Oq is the connected component of q ∈ M .

Let us consider the special case of M = R
d . Controllability with respect to a vector

bundle E with basis X1, . . . , Xm means that for any pair of points x, y ∈ R
d , we have

y = et1Xi1 ◦ et2Xi2 ◦ · · · ◦ etl Xil (x)

for some t j ∈ R, i j ∈ {1, . . . ,m}, l ≥ 1.We can ask a similar questionmultiple points.
That is, assume that we have two collections of n distinct points x = (x1, . . . , xn)
and y = (y1, . . . , yn), each point in R

d . We want to know if there exist t j ∈ R,
i j ∈ {1, . . . ,m}, l ≥ 1, such that

yi = et1Xi1 ◦ et2Xi2 ◦ · · · ◦ etl Xil (xi ) for all i = 1, . . . , n. (2.1)

Consider the landmark manifold as

Mn(Rd) = {x = (x1, . . . , xn) : xi ∈ R
d , xi1 �= xi2 whenever i1 �= i2},

with each element x ∈ M = Mn(Rd) called a landmark configuration. Furthermore,
there is a canonical map 
 : �(TRd) → �(TM) defined such that


X(x1, . . . , xn) := (X(x1), . . . , X(xn)).
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Then, we can rewrite (2.1) as

y = et1
Xi1 ◦ et2
Xi2 ◦ · · · ◦ etl
Xil (x). (2.2)

Being able to do this for any pair of landmarks x, y ∈ M is equivalent to having
complete controllability with respect to the subbundle span{
X1, . . . , 
Xm} of TM.
To prove the bracket-generating condition for this subbundle, wewill use the following
lemma.

Lemma 2.2 The mapping 
 : �(TRd) → �(TM) of vector fields X �→ 
X is a Lie
algebra homomorphism, i.e., for any X ,Y ∈ �(TRd), we have

[
X , 
Y ] = 
[X ,Y ].

We will give an explicit proof of this statement, while also introducing some notation
which will be helpful later. We use superscript x = (x1, . . . , xd) for the standard
coordinates on Rd , and write ∂ j = ∂x j for the derivative in the j-th coordinate. If we
write x = (x1, . . . , xn) ∈ M for landmarks, then we can introduce vector fields on
M by

∂ ij = ∂
x j
i
, i = 1, . . . , n, j = 1, . . . , d. (2.3)

These vector fields span the entire TM and satisfy [∂ i1j1, ∂
i2
j2
] = 0 for i1, i2 = 1, . . . , n,

j1, j2 = 1, . . . , d. Furthermore, if f ∈ C∞(Rd) is a function and i = 1, . . . , n, we
can write f(i) ∈ C∞(M) for the function f(i)(x) = f (xi ). We then have ∂ ij f(i2) =
δii2(∂ j f )(i2). We will use this relationship in the proof.

Proof of Lemma 2.2 If we have two vector fields X = ∑d
j=1 X

j∂ j and Y =
∑d

j=1 Y
j∂ j onRd , note that 
X = ∑n

i=1
∑d

j=1 X
j
(i)∂

i
j and with a similar formula for


Y . Then

[
X , 
Y ] =
n∑

i=1

d∑

j,k=1

(
X j

(i)(∂ j Y
k)(i) − Y j

(i)(∂ j X
k)(i)

)
∂ki (2.4)

= 


d∑

j,k=1

(
X j (∂ j Y

k) − Y j (∂ j X
k)

)
∂k = 
[X ,Y ]. (2.5)

The result follows. �

Remark 2.3 The result in Theorem 1.1 is that for any dimension d ≥ 1, there are vector
fields X , Y chosen independently of n, such that we have complete controllability with
respect to E = span{
X , 
Y }. Equivalently, for any two collections of distinct points
(x1, . . . , xn) and (y1, . . . , yn), there are values t1, . . . , tl , s1, . . . , sl such that

es1X ◦ et1Y ◦ · · · ◦ esl X ◦ etlY (xi ) = (yi ),

simultaneously for i = 1, 2, . . . , n.
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Remark 2.4 We emphasize that the interesting part of Theorem 1.1 is that we are able
to choose our vector fields X and Y before choosing the number of points n. After all,
if we first choose n and consider the nd-dimensional landmark manifold Mn(Rd),

then a generic two-dimensional subbundle of TMn(Rd) in the sense [25, 29] will
give us complete controllability. However, our result shows that we can choose vector
fields X and Y such that span{
X , 
Y } gives us controllability independent of n.

Remark 2.5 We can consider landmarks in a general connected manifold M and still
prove Lemma 2.2 in a similar way using local coordinates.

2.2 Motivation from shapes

Wewill describe shapes in this paper in the following manner. For k ≤ d, we consider
a k-dimensional shape as an embedding F : � → R

d of a compact k-dimensional
manifold � to R

d . If F0, F1 : � → R
d are two shapes, we say that a transformation

from F0 to F1 is a smooth homotopy Ft , 0 ≤ t ≤ 1, between them. Such a homotopy
can be constructed using a curve ϕt in the diffeomorphism group Diff(Rd) such that
Ft = ϕt ◦ F0. An overview of this setting is given in [24]. Furthermore, [27, 28]
considers the space of curves in R2 seen as equivalent up to various notions of diffeo-
morphism, and later work [10] introduces a collection of Sobolev Riemannian metrics
on spaces of embedded manifolds seen as quotients of submanifolds equivalent up to
such diffeomorphisms.

If we discretize �, which is often needed in many practical numerical applications
[23], we represent the manifold � as a list of points (q1, . . . , qn), and any mapping
F : � → M by the values (x1, . . . , xn) given by F(q j ) = x j . Since we have an
embedding, these points will all be distinct. If M = Mn(Rd) is the manifold of
landmarks, we have a canonical mapping 
 : Diff(Rd) → Diff(M) defined such that


ϕ(x1, . . . , xn) = (ϕ(x1), . . . , ϕ(xn)).

Furthermore, with this notation, we have 
eX = e
X for any vector field X on R
d .

Theorem 1.1 for d ≥ 2 says that for an arbitrary fine discretization q = (q1, . . . , qn)
of � and shapes F0, F1 : � → R

d , we are able to transform the image of q under F0
to that under F1 using only flows of two vector fields combined.

2.3 Motivation from learning ODE solutions

We consider the problem of controlled ODEswith learned parameters, see, e.g., [5, 12,
14, 31] for details. We consider a time-dependent diffeomorphism ϕθ

t as the solution
of an ODE system

d

dt
ϕθ
t (x) = X(ϕt (x), θ(t)), x ∈ R

n, θ(t) ∈ R
m, t ∈ [0, T ],

where x �→ X(x, θ) is a vector field onRd depending on a parameter θ ∈ R
m . Assume

that we want to learn the time-dependent vector field X̃t with corresponding flow ϕ̃t
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from the data {x(tr )}sr=0 = {(x1(tr ), x2(tr ), . . . , xn(tr ))}sr=0, 0 ≤ t1 < · · · < ts = T
such that xi (tr ) = ϕ̃tr (xi (0)) = ϕ̃tr−tr−1(xi (tr−1)) or equivalently x(tr ) = 
ϕ̃tr (x(0)).
Let us furthermore consider a model on the form

X(x, θ) = θ1X1(x) + · · · + θmXm(x), (2.6)

for some given vector fields X1, . . . , Xm . Focusing on a single step, we want to know
if the model (2.6) can match x(tr ) exactly from x(tr−1) for arbitrary data given. This
question is then equivalent to asking if we have controllability on the landmark mani-
foldM = Mn(Rd) with respect to the subbundle E = span{
X1, . . . , 
Xm} ⊆ TM.
Our results say that there exist vector fields X ,Y such that we have controlla-
bility with respect to E = span{
X , 
Y }. In other words, if we have a model
X(x, θ) = θ1X + θ2Y , we can always find a function θ(t) = (θ1(t), θ2(t)) so that
the solution ϕθ

t exactly matches any single dataset of any size.

3 Low-Dimensional Cases

Wewill need separate proofs for the one- and two-dimensional cases. These cases also
serve as helpful examples for understanding the proof in higher dimensions. Recall
the basis ∂ ij for TM = TMn(Rd) in (2.3).

3.1 Dimension one

We consider first d = 1 and write M = Mn(R). Observe that this manifold is
multiply connected, where each connected component has the same relative order for
the points x = (x1, . . . , xn) ∈ M, as it is impossible to continuously interchange the
order of two one-dimensional landmarks without them at some point being equal. By
relabeling our landmarks, we may assume that they are in the connected component

M< = {(x1, . . . , xn) : x j ∈ R, x1 < x2 < · · · < xn},

but the proof below works for any other component as well. Observe that TM is
spanned by ∂ i1 =: ∂ i where i = 1, . . . , n. If X(x) = f (x)∂1 =: f (x)∂ is a vector
field on R, then


X = f(1)∂
1 + · · · + f(n)∂

n,

in the notation of Sect. 2.1.

Theorem 3.1 (Controllability for d = 1) If X0(x) = ∂ , X3(x) = x3∂ and

E = span{
X0, 
X3} ⊆ TM,

then we have complete controllability on M< with respect to E independent of n.

Our proof is based on showing that the bracket-generating condition holds for E .
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Proof For any integer α ≥ 0, define Xα(x) = xα∂ . We observe that

[Xα, Xβ ] = (β − α)Xα+β−1, meaning that [
Xα, 
Xβ ] = (β − α)
Xα+β−1.

In particular,

[X0, X3] = 3X2, [X0, X2] = 2X1. (3.1)

Furthermore, for any α ≥ 3, we have

[X2, Xα] = (α − 2)Xα+1.

whichmeans that starting with X0 and X3, we can obtain Xα of any order. In summary,

span{
Xα(x)}∞α=0 ⊆ Lie Ex.

The proof is now completed from the fact that X0, X1, . . ., Xn−1 are linearly inde-
pendent. To see this last statement, we observe that in the basis ∂1, . . ., ∂n, we can
identify the mentioned vector fields as the rows of the Vandermonde matrix

Wx =

⎡

⎢
⎢
⎢
⎣

1 1 · · · 1
x1 x2 xn
...

. . .
...

(x1)n−1 (x2)n−1 · · · (xn)n−1

⎤

⎥
⎥
⎥
⎦

, (3.2)

which has well-known determinant

det(Wx ) =
∏

i �=i2

(xi − xi2) �= 0, (3.3)

as all of our points are distinct. It follows that Lie(E)x1,...,xn = Tx1,...,xnM for any
point (x1, . . . , xn) and the proof is complete. �

Remark 3.2 For the case of d = 1, we can actually generate the space with two
uniformly bounded vector fields. As an example, take X = ∂ and Y = tanh(x)∂ . The
identity ∂(tanh(x))α = α tanh(x)α−1(1 − tanh(x)2) allows us to generate all vector
fields on the form tanh(x)α∂ . Using a similar argument with the Vandermonde matrix,
we obtain controllability. It is an interesting question to explore if we can also use
bounded vector fields in higher dimensions.

3.2 Dimension two

We can follow the same procedure for the case d = 2, where the landmark manifold
has one connected component.
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Theorem 3.3 (Controllability for d = 2). Let M = Mn(R2) be the n-landmark
manifold. If X0,0(x) = ∂x , X1,3(x) = −y(3x2 − y2)∂x + x(x2 − 3y2)∂y and

E = span{
X0, 
X1,3} ⊆ TM,

then we have complete controllability with respect to E independent of n.

To generalize our proof from dimension one to the case d = 2, we identify the
point (x, y) ∈ R

2 with the complex number z = x + iy ∈ C. Its real tangent
bundle is TC = spanR{∂x , ∂y}, while its complexified bundle is the span TC

C =∐
z∈C C ⊗ TzC = spanC{∂, ∂̄}, where

∂ := ∂z = 1

2

(
∂x − i∂y

)
, ∂̄ := ∂z̄ = 1

2

(
∂x + i∂y

)
.

Write T 1,0
C = spanC{∂} for the holomorphic tangent bundle. We denote its complex

sections by
�(T 1,0

C) = { f (z)∂ : f ∈ C∞(C,C)}.
We will use the following property.

Lemma 3.4 The map F : �(TC) → �(T 1,0
C) given by

F ( f x∂x + f y∂y) = ( f x + i f y)∂, f x , f y ∈ C∞(C,R),

is an R-linear isomorphism with inverse F−1( f z∂) = 2Re( f z∂) = (Re f z)∂x +
(Im f z)∂y for any f z ∈ C∞(C,C). Moreover, assume that for real vector fields
X = Xx∂x + X y∂y and Y = Y x∂x + Y y∂y , the functions

Xz := Xx + i X y, Y z := Y x + iY y,

are holomorphic. Then,
[F X ,FY ] = F [X ,Y ].

Proof Define F̄ X = X̄ z ∂̄ . We observe that for the vector field X , we have X =
F X + F̄ X and similarly for Y . Since Xz and Y z are holomorphic, we have that
∂̄Xz = ∂̄Y z = ∂ X̄ z = ∂Ȳ z = 0. We then compute

[X ,Y ] = F [X ,Y ] + F̄ [X ,Y ] = [Xz∂ + X̄ z ∂̄,Y z∂ + Ȳ z ∂̄] (3.4)

= (Xz∂Y z − Y z∂Xz)∂ + (Xz∂Y z − Y z∂Xz)∂ (3.5)

= [F X ,FY ] + [F̄ X , F̄Y ]. (3.6)

Projecting to T 1,0
C, we have the result. �


Proof of Theorem 3.3 For α = 0, 1, 2 . . ., define X0,α and X1,α , respectively, by

F X0,α = zα∂, F X1,α = i zα∂,
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Since F X0,0 = ∂ and F X1,3 = i z3∂ , we note that

[∂, i z3∂] = i3z2∂, [∂, i z2∂] = 2i z∂, (3.7)

[∂, i z∂] = i∂, [i∂, i z3∂] = −3z2∂, (3.8)

[i z∂, i z3∂] = −z3∂. (3.9)

Finally, using that [z2∂, zα∂] = (α − 2)zα+1∂ and [z2∂, i zα∂] = (α − 2)i zα+1∂ , we
can generate any vector field of the form zα∂ and i zα∂ with iterated brackets of ∂ and
i z3∂ . It follows that

spanR{
X0,α(z1, . . . , zn), 
X1,α(z1, . . . , zn)}∞α=0 ⊆ Lie(E)z1,...,zn .

To show linear independence, let GL(n,C) and GL(n,R) be the general linear group
of, respectively, the complex numbers and the real numbers, which are the groups
consisting of n × n invertible matrices. Recall that we have an injective group homo-
morphism GL(n,C) → GL(2n,R) by sending each complex entry a jk to a 2×2 real
block

a jk �→
(

Re(a jk) Im(a jk)

− Im(a jk) Re(a jk)

)

=
(
Re(a jk) Im(a jk)

Re(ia jk) Im(ia jk)

)

.

If we write 
X0,1, 
X1,1, . . . , 
X0,n−1, 
X1,n−1 as rows in an 2n × 2n matrix in the
basis ∂1x , ∂

1
y , . . . , ∂

n
x , ∂ny , it is clear that this is just the image of the n × n complex

matrix

Wz =

⎡

⎢
⎢
⎢
⎣

1 1 · · · 1
z1 z2 zn
...

. . .
...

(z1)n−1 (z2)n−1 · · · (zn)n−1

⎤

⎥
⎥
⎥
⎦

, (3.10)

which is again invertible using the Vandermonde determinant. The result follows. �


4 Higher-dimensional cases

Having dealt with the special case of dimension one and two, we will give a general
approach for all dimensions greater or equal to three. For clarity, we reserve the Latin
letters i , j for indices and the Greek letters α, β for exponents. Furthermore, it will
be convenient to denote coordinates in Rd modulo d, such that, for example, x0 = xd

and ∂xd+1 = ∂d+1 = ∂1. Again we writeM = Mn(Rd).

Theorem 4.1 Consider the vector field on R
d for d ≥ 3,

Y =
d∑

k=1

⎛

⎝
d∑

j=1

(x j )2

⎞

⎠ xk∂k+1 = ‖x‖2
d∑

k=1

xk∂k+1 ∈ �(TRd). (4.1)

If E = span{
∂1, 
Y } ⊆ TM, then we have complete controllability with respect to E
independent of n.
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The proof of this theorem uses several times that we have at least 3 different coordinate
indices from 1, . . . , d, which is why a separate proof is needed for dimensions one
and two. Also, the index 1 in ∂1 plays no special role and we could have replaced it
with any ∂ j for j = 1, . . . , d.

We continue by showing that polynomial vector fields are enough in higher dimen-
sions to generate the tangent bundle. Recall the definition of the vector fields ∂ ij in
(2.3).

Lemma 4.2 Consider the landmark manifold M = Mn(Rd). Let E be a subbundle
of TM with Lie(E) denoting all vector fields that can be generated from iterated
brackets of its sections. Assume that for any j = 1, . . . , d and for any polynomial p
on Rd of degree equal to n − 1,


(p∂ j ) ∈ Lie(E).

Then, E is bracket-generating.

Proof For a point y = (y1, . . . , yn) ∈ R
d and i = 1, 2, . . . , n, define a homogeneous

n − 1-degree polynomial pi,y : Rd → R by

pi,y(x) =
∏

i2 �=i

(x − yi2), x ∈ R
d .

We observe that for any x ∈ M,


(pi,x∂ j )|x = pi,x(xi )∂
i
j |x where pi,x(xi ) �= 0 by definition of M.

Hence, ∂ ij |x ∈ Lie(E)x for any i = 1, . . . , n and j = 1, . . . , d, and so TxM = Lie(E)x
for every x ∈ M. �

Proof of Theorem 4.1 We will first show that we can use Lie brackets to generate any
vector field on the form (x j )α∂k from ∂1 and Y for j, k = 1, . . . , d, α = 0, 1, 2, . . ..
We will then show that this is sufficient to generate all polynomials.

Recall that indices are denoted modulo d. Observe that

[∂ j ,Y ] = 2x j
d∑

k=1

xk∂k+1 + ‖x‖2∂ j+1, (4.2)

[[∂ j , [∂ j ,Y ]] = 2
d∑

k=1

xk∂k+1 + 4x j∂ j+1, (4.3)

[∂ j , [∂ j , [∂ j ,Y ]]] = 6∂ j+1. (4.4)

Therefore, starting with ∂1, it follows that we can inductively generate all degree 0
monomials vector field ∂ j .
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For degree-one vector fields, observe that for j �= k,

1

2
[∂ j , [∂k,Y ]] = xk∂ j+1 + x j∂k+1, (4.5)

1

4
([∂ j , [∂ j ,Y ]] − [∂k, [∂k,Y ]]]) = x j∂ j+1 − xk∂k+1. (4.6)

Since we are assuming d > 2, we have j + 2 �= j mod d, and hence, we can use

[
x j+1∂ j+1 + x j∂ j+2, x

j+2∂ j+1 + x j∂ j+3

]
= (x j − x j+2)∂ j+1.

Furthermore, we observe that

[
x j−1∂ j+1 + x j∂ j , (x

j − x j+2)∂ j+1

]
= x j∂ j+1,

giving us all monomials of the form x j∂ j+1. Combining these vector fields, we first
obtain [x j∂ j+1, x j+1∂ j+2] = x j∂ j+2, and iterating this bracket, we are able to gen-
erate vector fields of the form xl∂l , j �= l with our Lie brackets. Finally,

[∂ j−1, [∂ j ,Y ]] = 2(x j−1∂ j+1 + x j∂ j ), (4.7)

and so by linear combination with previously acquired terms, we obtain vector fields,
x j∂ j , giving us a complete set of all degree-one monomials x j∂l , j, l = 1, . . . , d.

In degree two, we consider the brackets

[x j∂ j , [∂ j ,Y ]] = 2x j
d∑

k=1

xk∂k+1 + 4(x j )2∂ j+1 − 2x j x j−1∂ j (4.8)

= 6(x j )2∂ j+1 +
∑

l �= j, j−1

2x j xl∂l+1, (4.9)

[x j∂ j , [x j∂ j , [∂ j ,Y ]]] = 12(x j )2∂ j+1 +
∑

l �= j, j−1

2x j xl∂l+1, (4.10)

from which we can take the difference to generate all terms of the form (x j )2∂ j+1.
For j �= k + 1, it holds

[x j∂k, (x
k)2∂k+1] = 2xkx j∂k+1, (4.11)

[x j∂k, [x j∂k, (x
k)2∂k+1]] = 2(x j )2∂k+1, (4.12)

giving us all monomials (x j )2∂k with k �= j . To get the final second-order monomial,
we note that

[xk∂ j , (x
j )2∂k] = 2xkx j∂k − (x j )2∂ j , (4.13)

[xk∂ j , x
k−1x j∂k] = xkxk−1∂k − xk−1x j∂ j , (4.14)
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and combining these identities with (4.11), and using linear combinations, we are
finally able to generate monomials (x j )2∂ j , giving us all degree two monomials
(x j )2∂k for j, k = 1, . . . , d.

In degree three, it follows that for j, k, l all different

[(xk)2∂l , (xl)2∂ j ] = 2(xk)2xl∂ j , (4.15)

[xk∂l , [(xk)2∂l , (xl)2∂ j ] = 2(xk)3∂ j . (4.16)

For identical coefficients, we first compute

[x j+1∂ j , [x j+1∂ j , [x j+1∂ j ,Y ]]] = 6(x j+1)3∂ j+1 − 16(x j+1)2x j∂ j , (4.17)

and then

[x j+1∂ j , [x j+1∂ j , [x j+1∂ j ,Y ]]] + 8[(x j+1)2∂ j , (x
j )2∂ j ] = 6(x j+1)3∂ j+1. (4.18)

In total, we obtain all pure degree-three monomials (x j )3∂k .
For α ≥ 3, it holds that

[(xi )2∂i , (xi )α∂ j ] =
{

α(xi )α+1∂ j i �= j;
(α − 2)(xi )α+1∂i i = j .

(4.19)

from which we generate all pure monomials (x j )α∂i . Finally, we show that we can
obtain arbitrary polynomials. Any polynomial vector field can be written as a sum of
monomials

(xi1)α1 · · · (xl)αl (x j )N−l∂ j , ir �= j, r = 1, . . . , l,

and we can obtain such a vector field by starting with (x j )N ∂ j and then in order take
the bracket with vector field (xir )αr ∂ j for j = 1, . . . , l. The result now follows from
Lemma 4.2. �
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