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Abstract

We obtain a sub-Riemannian version of the classical Gauss-Bonnet theorem. We con-
sider subsurfaces of three-dimensional contact sub-Riemannian manifolds. Using a
family of taming Riemannian metrics on the surface which approach a sub-Riemannian
metric, we carefully study the usual Gauss-Bonnet formula under this limit. We are
then able to recover the Euler characteristic of the surface from the geometry around
the surface’s characteristic set, i.e., the points where the tangent space to the surface
and contact structure coincide. For the case of surfaces with boundary, we also give a
Gauss-Bonnet type result which includes limits related to the boundary’s curvature.

Keywords Gauss Bonnet theorem - Contact manifolds - Sub-Riemannian geometry -
Characteristic foliation
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1 Introduction

The classical Gauss-Bonnet theorem shows that it is possible to recover purely topolog-
ical information of a surface from the choice of a smooth structure and a Riemannian
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metric. In this paper, we show that such topological information can also be obtained
from the restriction of a sub-Riemannian geometric structure, even though the induced
metric on the surface will not induce its topology.

Consider a three-dimensional connected manifold M with a contact distribution E.
A smoothly varying inner product gg defined only on E is called a sub-Riemannian
metric. This geometric structure induces a distance dg, on M, which, although not
Lipschitz equivalent to any Riemannian distance, will induce the manifold topology on
M [10, 18]. Given gg and an orientation of E, there is a unique choice of a vector field
Z transverse to E called the Reeb vector field. We can then extend the sub-Riemannian
metric to a Riemannian metric g° = (-, -). on M by making Z orthogonal to E and
|Z|le = 1/+/c. Thus, the length of all vectors outside E goes to infinity as ¢ — 0.
The Riemannian distance dge converges to the sub-Riemannian distance d,,,, and this
convergence is uniform on compact sets [8].

When we restrict to a subsurface ¥ C M, the situation is quite different. If 4°
is the induced Riemannian metric on X from g*, then dje does not converge to a
metric compatible with the topology if it converges at all; see [4, 6] for details. Seeing
that this limit breaks the topology of X, it is interesting to study the limit of the
classical Gauss-Bonnet formula with respect to 4#° as ¢ — 0, which is the subject
of this paper. Our inspiration to carry out this approach are the papers [2, 3], where
partial sub-Riemannian Gauss-Bonnet results for surfaces embedded in the Heisenberg
group are obtained. We also refer to [7, 9] for previous results relating topology to
sub-Riemannian invariants.

Let us explain the ingredients in our main result. Assume that both M and E
are orientable, and choose an orientation of E. Then there exists a unique positively
oriented contact form « satisfying £ = ker o and ||d«|| = 1.Let ¥ € M be a compact
oriented C2-subsurface with the characteristic set

char(X) ={x e ¥ : Ty X = E,}.

This set will be contained in a one-dimensional C!-submanifold of ¥ as shown in 4,
Lemma 2.4], and does not depend on the metric gg. Let 4 denote the restriction to ¥
of g = g! with area form o = ¢!, and let 8 be the restriction of the contact form c.
We can then define a functiona : ¥ — R by

dp = —ao.

In other words, the function a encodes the relationship between the exterior derivative
on X with its area form. This relationship can also be expressed as a = cos ¥, where
¥ is the oriented angle between the planes in the subbundle £ and the tangent bundle
T X of the surface. The points x € X with |a(x)| = 1 correspond to the set char(X)
where by definition the oriented angle has to be either O or 7. In particular, since a is a
smooth function taking values in the interval [—1, 1], any point in the characteristic set
is a critical point of a. For a final interpretation of the function a, we also mention that,
up to a sign, a equals the divergence of the characteristic vector field of the foliation
of TX N E in the sense of [12, Chapter 4.6], see Remark 2.4 for details.
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In studying the geometry of (X, h°) as & changes, we will observe that the change
in geometric invariants are controlled by the function a and its derivatives. As a
consequence, we will need some assumptions when it comes to the decay of a close
to the characteristic set.

There exists § > 0, such that the derivatives

d d d A)
—_— o and — o
de Jo<i—a<c dc Jo<ita<c

exist and are uniformly bounded on ¢ € (0, §).

One can get an intuition for this condition by observing that for & € R?,

d de = 2L ls, (1.1)

de Jo<jg|s <c s

which is uniformly bounded for ¢ small when 0 < s < 2 but not for s > 2. Observe
furthermore that if x¢g € char(X) is an isolated characteristic point with a(xg) = *£1,
then it will be a critical point of @, and so a(x) = +1+ O (dj (xo, x)z) close to xq. It is
therefore no surprise that if all the points in char(X) are isolated and non-degenerate
critical points of a, then condition (A) holds as we get the decay in volume similar to
the case s = 2 in (1.1). See Section 2.5 for a detailed proof. The condition of non-
degeneracy can be seen as an analogue of previous results [19] and [12, Chapter 4.2]
where the non-degeneracy condition is in terms of respectively a level set function and
the characteristic vector field. See also Section 2.4, where we show that (A) does hold
if the level sets of a are 1-dimensional submanifolds whose length do not decrease
slower than /T — |a] when approaching the characteristic set.

Outside the characteristic set,i.e.,on 0 < |a| < 1, the intersection 7X N E is a one-
dimensional subbundle and it is possible to uniquely define an 4-unit vector field X
on X spanning this intersection. We then also get a corresponding positively oriented
orthonormal basis X, X», which, when added taken along with the Reeb vector field
Z, gives us a basis X (x), Xo2(x), Z(x) for Ty M for every x € X \ char(X). We can
then define the following curvature invariant on X \ char(X) by

Ksp=— (diV(Xz) —V1=—a(z, X1, X>) % (1.2)
J1 — 42 2 /1 —_ 42
- (1 + % div(X)) —l+d®— % div(X).

The divergence above is with respect to the volume form o. The function K5 g does
not depend on the orientation of E, and we will show that it is uniformly bounded
on X \ char(X). For the geometric interpretation of K, g, note that the space (X, h°)
converges towards a one-dimensional object [4, 6]. The one-dimensional foliation
tangent to 7 X N E will have a decreasing geodesic curvature with k% = limg_0 \/LEkSE

describing its rate of convergence to zero at the limit. We can then express Kx g in
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terms of this limit and the angle @ = cos ¥ by

nZ

Ks.p = cos? 0 + Sclosﬁ (% — ([Z, X1, X)) X20 + (1 — X0)X.

Recall that X denotes a derivative along the foliation 7% N E, which is the only
permitted direction of travel in the limit, while X, is the oriented normal direc-
tion of this foliation. If £, denotes the Lie derivative, then the term ([Z, X], X) =
- % (Lzg%)(X, X) vanishes when the Reeb vector field is an infinitesimal isometry of
(E, g),and so ([Z, X], X) measures how far we are from this property to hold along
TX N E. We will use the invariant Ky g for our main result.

Theorem 1.1 (Sub-Riemannian Gauss-Bonnet theorem) Let ¥ C M be a compact
C2-surface without boundary such that Assumption (A) holds. Then

d

dc

/H | Knp(o() = 2mx(®)
c=0 Y la|>1-c

In particular, the Euler characteristic y (¥) can be determined by the values of K5,
in a neighborhood of char(X). We get the following simple corollary

Corollary 1.2 (a) Ifchar(X) = @, then x(X) = 0.
(b) If K5 E is non-negative in a neighborhood of char(X), then X is homeomorphic
to a sphere or a torus.

If char(X) consists of isolated, non-degenerate critical points of a and with limits
Ky g(x) =limy_, K5 (y) existing at all of these points, then

K
(= > _ Ker@ (13)

reeha(Z) det(V:2q(x))
where V24 is the Hessian with respect to h; see Section 2.5 for details.

1.1 Structure of the paper.

In Section 2, we give the basic definitions related to sub-Riemannian 3-dimensional
contact manifolds (M, E, g) with a surface ¥ € M. We will also give sufficient
conditions for assumption (A) to hold in Section 2.4 and Section 2.5. We provide a
worked example in Section 2.6 which illustrates how the Euler characteristic can be
computed with (1.3). In Section 3 we show how curvature of the taming Riemannian
metric g® for the ambient space M varies with . We continue by looking at the
geometry of the metric h* = g®|ry in Section 4. In Section 5 we give the proof of
Theorem 1.1 in several steps. With some minor restrictions on the boundary, we also
give a Gauss-Bonnet theorem for surfaces with a piecewise C2-boundary in Section 6.
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Fig. 1 The figure shows the foliation of curves tangent to ¥ = $2 and the contact distribution E =
ker{dz + (y/2dx — x/2dy)}. Along the highlighted blue curve, we have shown the tangent plane in blue,
while the planes of E are in red. The angle % = cosLa is the angle between these planes. These coincide
at the north and south pole, which make up char(%). We are studying the Gauss-Bonnet theorem under a
metric A which is constant for the vector field X tangent to the shown foliation, while the length of its 90
degree rotation X, approaches infinity as ¢ — 0. For details on this example, see Section 2.6 (Color figure
online)

1.2 Relation to previous works

Let K¢ denote the Gaussian curvature of X with respect to 4°, and let ¢ be its volume
form. If we consider the limit of the equation f 5 K fdo® = 2w x(X) as ¢ — 0, then
away from the characteristic set, K*do® only has terms of half-integer order with
respect to ¢, starting with order —1/2, see Section 5 for details. Isolating this part
of order —1/2, and using that \/¢ [5, K®do® = 0, we obtain an identity for a part
of the curvature that has vanishing average over X. This observation is found in our
paper in Remark 5.3. Such results have appeared previously for given ambient contact
manifolds such as Heisenberg group and SE(2), see [2, 11, 14, 16, 17,21] for examples.
These examples include assumptions to avoid any contribution from the characteristic
set char(X). For example, in [2], the surface ¥ is defined locally as the level set of
a function u, and it is assumed that —+— is integrable near the characteristic set,

IVEu|
which in our notation is equivalent to assuming that «/% is integrable close to the
—a

set |a] = 1. See Section 2.3 for details.

Our paper differs from this previous work in that we are mainly interested in how
the topological Euler characteristic x (X) is preserved under the limit. We are hence
interested in the term of order zero of the integral fz K?fdo®, which can only be
obtained through the study of the integral close to char(X). We also have no restriction
on the ambient sub-Riemannian contact manifold (M, E, g), apart from assumption
(A).

Finally, we also mention similar work in [1], on almost-Riemannian manifolds
such as the Gruhsin plane, which can be considered as the case where 4° approaches
a Riemannian metric outside a small singular set.
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2 Contact manifolds and the horizontal angle parameter
2.1 Contact distributions and the Reeb vector field

Let M be a three-dimensional manifold, with E being a rank two, contact distribution.
In other words, we have E + [E, E] = T M. For simplicity, we will assume that
both M and E are orientable and with chosen orientations. It follows that the subbundle
Ann E C T*M of covectors vanishing on E is orientable as well. Let E be equipped
with a fiber metric gg making (M, E, gg) into a sub-Riemannian manifold. Let «
be the unique non-vanishing section of Ann(E) satisfying do(u, v) = —1 for any
positively oriented orthonormal basis u, v € Ey and any x € M. The Reeb vector field
is then the unique vector field Z satisfying

a(Z) =1, da(Z, -)=0. 2.1

We will use the Reeb vector field to extend gg to a Riemannian metric. Consider a
Riemannian metric g on M such that g|r = gg and such that Z is orthogonal to E
with || Z]| = 1. We write g = (-, ).

Introduce atensor J : TM — Ebyu,ve TxyM,x e M,

da(v,w) = (v, Jw) = —(Jv, w).

By our definition of « it follows that J is an almost complex structure when restricted
to E, corresponding to a rotation of % in the positive direction. We finally introduce
a symmetric tensor t : TM — E C T M by

1
{(tv, w) = (v, Tw) = E(ﬁzg)(prg v, pre w),

where Lz denotes the Lie derivative with respcet to the Reeb vector field. We empha-
size that from the previous definitions tZ = JZ = 0.

We want a connection such that both E and E- are parallel and with the torsion as
simple as possible. We define a connection V such that if Z is the Reeb vector field
and Y and Y> are arbitrary sections of E, then

VZ=0, VzY\=I[Z.Y]]+1Y, VyYo=pryV§Ya,

where pr is the g-projection to E and V¢ is the Levi-Civita connection of g. This
connection is compatible with g and has torsion

TV, W)=—(JV,WZ+a(V)TW —a(W)TV, V,W e (TM).

See [15, 20] for more about the choice of connection in this setting, and this connection
in particular.

Remark 2.1 (a) The defining properties of the Reeb vector field Z in (2.1) imply that
[Z, E] € E, which means that its corresponding flow ¢'Z also preserve E. If
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7 = 0, then ¢’# will be a sub-Riemannian isometry for every ¢, i.e., (e/%), will
map E to iself isometrically. Hence, the tensor t can be considered as measuring
how far Z deviates from being an infinitesimal isometry.

(b) We note the following identities

VJ =0, tre 7 =0, tJ =—-Jr. 2.2)

We also observe that since Lzda = dLza = 0, we have LzJ = 2tJ. For the
proof of these identities, see, e.g., [13].

2.2 Surfaces and the horizontal angle parameter

Let ¥ be an oriented, compact surface embedded in (M, E, gg) without boundary.
Recall that « is the contact form and g is the extension to a Riemannian metric using
the Reeb vector field. We write i = g|ry for the induced Riemannian metric on X,
with o being the corresponding volume form. We will use the following notation for
the rest of the paper. We define the horizontal angle parameter a(x) at x € ¥ as the
inner product between the positively oriented normal vectors of 7y ¥ and E . If vy, va
and w1, wy are positively oriented orthonormal bases of respectively 7y X and E,,
then
a(x) = (v1 AV, W1 A w2> = —da(wi, wy).

We observe that |a(x)| = 1 exactly at char(X), the set of points x € X% where
T,X = E,. Write
o<, =X €T g <alx) <), Te= i<, X =X \char(T). (2.3)

Lemma 2.2 Let B = a|rx be the restriction of the contact form to X.

(a) We have identity df = —ao and ||8|| = V1 — a>.
(b) There exists a unique unit vector field X on ¥’ with values in TY' N E|yg/ such

that
V1—adlixo = 8.

Furthermore, the unique vector field X» such that X, X, is a positive orthonormal

basis is given by
Xo=V1—-a’Z+alX.

Proof (a) This result follows directly from the definition of a.

(b) Since B is non-vanishing on X', we obtain that ker 8 is a one-dimensional line-
bundle spanned by some unit vector field X, uniquely determined up to sign.
As txo is a non-vanishing one-form that vanishes on span{X}, it follows that
txo = ¢1 B for some non-vanishing function ¢;. By requiring ¢; > 0, the choice
of X is unique. Furthermore, if X, X» is a positively oriented orthonormal basis,
then

o(X,X2) =1=(x0)(X2) =¢i1B(X2), dB(X,X2)=—a.
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It follows that X, = (ﬂl—l Z +aJ X and since X, must have length 1, we finally have

L= /1-42

®1
a

To simplify notations later, we will also introduce the following functions. Define
70,71 : X = Rby 1 = (tX, X) = —(rJX, JX) and 1| = (t X, JX). We remark
the following relationship.

Lemma 2.3

Xa

— 42 _ 42 —(1=da?
V1 —a? =a +V1—-a*(Vx, X, JX) - (1 —a")r1. 2.4

Proof We consider the normal vector N = aZ —+/1 — a?J X. Since T ¥ is Frobenius
integrable, we have (N, [X, X»]) = 0. The bracket is

(X, X2] = —j}’%z + XaJX + 1 —a?[X,Z] +a[X, JX]
and so
0= (N, [X, Xa]) = —4X% 4 o — VT—a’Xa
+V1=a2(V1=d%Z, X1+ alJX, X], JX)
= ﬁ+a + V1 —a?(Vx, X, JX)— (1 —a>)(zX,JX).
The result follows. O

Remark 2.4 (Characteristic vector fields) Let us compare this basis X, X» to previous
work i~n [12, Chapter 4.6], see also [5]. A characteristric vector field on X is a vector
field X with values in E N T X that vanishes on char(X), while also satisfying

div(X)(x) #0, x € char(X).

We get such a globally defined vector field by X = +/1 — a2 X, which will then satisfy
tgo = B and
div(X)o = digo =dpf = —ao

Hence the horizontal angle parameter can be seen as the negative divergence of this
.. S o _ 1 S
characteristic vector field X. Writing X as X = —mX , we have

di _ a Xa |
VO = <¢1_a2 B )

If we write a = cos ¢, then div(X) = —cot 9 (1 + X)
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2.3 Local description

Working locally, we may assume that & = ux~!(0) is the level set of a function
u : M — R and that E has a local, positively oriented, orthonormal basis Y| and Y.
Let Vu and VEu be respectively the Riemannian and sub-Riemannian gradient, i.e.,
VEu = Y uY| + YouY, and Vu = VEu + ZuZ. We then observe that 7Y is spanned
by orthonormal basis

X = gry CT20h + (ut),
JX = m(—(Y]M)Y[ — (Y2M)Y2)9
- E 12 —
X = oo (VP2 = Zo (ot - Zo @),

with X being in E£. We give ¥ an orientation by defining X, X, to be positively
oriented. We then see that

da(X. X2) Zu 2.5)
—da(X, X)) =a= . .
IVa]

and hence v/1 — a? = %. Replacing u with U = ﬁu, we have U™1(0) = T,

but now a = ZU and V1 — a2 = ||[VEU . It follows that

X>ZU

Kz == ((1X. X21. X) = IVFU (12 X1, X)) =
(U k) - v - Y
zZU T zZU T ’

2.4 A sufficient condition for (A)

We present the following sufficient condition for our Assumption (A), in terms of the
geometry of the level sets of a. Recall the definition of . and X, <., in (2.3).

Proposition 2.5 Assume that the following two assumptions hold.

(1) lisanisolated critical value of |a|, i.e., for some(0 < c1 < 1, Vha|x % 0 whenever
c1 < lax)| < 1.
(ii) For X, as in (2.3) with length £(X;), we have asymptotics

(E) = 01 —le), as c¢— 1.

Then (A) holds.
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Proof For proving (A), itis sufficient to prove that for some § > 0, % /; Soieip 4O and

j—c le_m ao exists and are uniformly bounded for (0, §). Define ®(c) = f20<c ac
and ®(—c) = — fz_c<0 ao for ¢ > 0. Recall that d0 = —ao . By (i),

a:x —[—1,1]

is asubmersion ona~!(cy, 1) which is proper by the compactness of X. It is a fiber bun-
dle by the Ehresmann theorem, and hence we can use a as a coordinate on a”! (c1, 1),
and consider the fibers to be diffeomorphic to a one-dimensional manifold F. Further-
more, write

ac =vAda, with v= m((xza)x* — (Xa)X3).

We then have that ®(1) — d(c;) = fcll fyeF v(a, y)da, and hence ®'(c) =

fy cr V(c, y). Next, we need to show that ®’(c) is uniformly bounded on (ci, 1).

Since ®’'(c) > 0, it is sufficient to show that lim sup,._, | w < 00. We observe

that since |8] = v/1 — a2,

D) —P(c) = /

ECS]

ao:—/ dﬂ=—/ B < V1—usy),
2:rfl e

it follows by (ii) that

(1) — d(c) JIife

limsup ——— < limsup{(X;) —— < o0.

c—>1 l—c c—>1 J1—c
The proof is completed by repeating this argument for the intervall (—1, —cy). O

2.5 Result for isolated points

We consider the special case where the characteristic set only consist of isolated, non-
degenerate critical points of a. Recall that V/2a denotes the Hessian with respect to
the Levi-Civita connection V", i.e.

Vi = (Vida)(Y) = (XY — ViY)a.
Theorem 2.6 Assume that char(X) = a~'(£1) consists of isolated points, and that

det(V"2a(x)) #0,  forany x € char(Z).
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Then condition (A) holds. Furthermore, if Kx. g has well defined limits Kx, g(x) :=
limy_,, Kx g(y) for every x € char(X), then

Ky g(x)
x (%) = —_—.
xech%(i)) det(V":2a(x))

Proof Since char(X) = a~!(=£1) is a closed subset of a compact manifold, it can only
be without any accumulation point if it is a finite set. Hence, assuming that points are
isolated is equivalent to char(X) being finite. Let x € char(X) be an arbitrary point in
the characteristic set and let U be a neighborhood of x such that {x} = U, Nchar(X).
Since x has to be a maximum or minimum of a and since it is non-degenerate, we
must have det(V-2a) > 0. By possibly shrinking U, we may assume that V"a # 0
on U, \ {x}, meaning in particular that the level sets of a intersected with U, are
1-dimensional submanifold outside of a = 1.

Without loss of generality, we assume that a(x) = 1, as the case a(1) = —1 can be
completed in a similar manner. Define a function

D, (c) =/ o.
UrNfa(x)=c}

As each preimage a~!'(c) N U, is a one-dimensional submanifold, we can use the
argument of Proposition 2.5 to show that ®, (c) is differentiable for ¢ < 1. Working
locally around x, define

A s® =D, (1) — P (1 — ).

Close to x, define a local coordinate system (£, &) created using the Riemannian
exponenital map and the unit vectors in the in the directions of the eigenvectors of
V’-2a(x), and with corresponding eigenvalues —A; < 0 and —1, < 0. As the coor-
dinate derivatives are orthonormal at x, we have 0 = (1 + O(|&€]))d&; A d&,. Then
close to x,

a(Er &) =1—-ME/2—ME/2— O(EP)
For this reason, for some constant C > 0 and for small enough §, on the set || < 4§,
(M1/2 = COEL + (A2/2 — COEF < 1 —a < (h1/2+ COEL + (A2/2 + CO)EF

and for § < min{A1, A2}/(2C)

0 <A@ Sf 0.

/(M +COHE +(M+C8)ET <s (M —COHEI+(a—C8)EI<s
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Since (A1/2 + C(S)Sl2 4+ (X/2+ C8)§22 < s is the interior and boundary of the ellipse

. N 3 .
with axes \/M/Z:ﬁ:C(S and \/Az/Z:I:CS’ we obtain

2
FO(s?) < Ay ® < i +0().
O = 2C8) 0 = 2C3)

21s
N +2C8 (A +2C9)

Dividing with s and letting both s and § approach zero, we obtain that

27
N/

(1) =

That this identity is satisfied for all the points in char(X) implies (A). Furthermore,
we see that if Ky g has a limit at x, then

‘ / K T Kx)
. $,E0 = ——=K(X).
de|e—o Juini—a<c) VA1A2
The result follows. 0

Remark 2.7 We mention that [12, Prop 4.6.11] guarantees the existence of a C*°-close
perturbation ¥ of our surface ¥ such that the characteristic foliation is Morse-Smale
type, the latter of which only have isolated points in the characteristic set.

Remark 2.8 In Section 2.6, we show an example where the limit of Ky g exists on
the characteristic set, but it is unclear if we can always assume that such limits holds.
Our main result in Theorem 1.1 considers limits of the Gaussian curvature K¢ with
respect to a varying Riemannian metric 4% as ¢ — 0. While K¢ is a continuous on all
points, the definition of Ky g involves limits of terms involving /I_(IST)az, which

approaches 0 outside char(X), but 1 on the characteristic set, see Section 5 for details.

2.6 Example: The Euclidean unit sphere in the Heisenberg group

We consider the Heisenberg group as M = R3 where E has a positively oriented
orthonormal basis A = 0, — % y0; and B = 9y + %xaz. The corresponding Reeb
vector field is Z = 9,. For this case, we can verify that t = 0 globally. We orient E
so that the basis A, B is positively oriented, and hence JA = B and /B = —A. The
contact form can then be written as « = dz + %(ydx —xdy).

Inside the Heisenberg group, we consider X as the Euclidean sphere which is a
level set of u = x2 + y2 + 72 — 1. Tt follows from (2.5) that

vEy = 2x —y0D)A+ Q2y+x2)B=:q1A+q@B, Vu= vEu + 277,
2z 2z

\/422+q12+q§ \/4+(x2+y2)22

a =
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Outside the equator we can use x, y as coordinates and introduce go = x> + y2. In
these coordinates, z = s4/1 — qo where s has respective values 1 or —1 depending on
which hemisphere we are on. Furthermore,

-4 q0(5 — qo)
T+ = = 2 _

B +ad=q6—q) a=2|—  Ji-a= .
L 4+q0—q} 44q0—q}

The restriction of the contact form is written

s 1 1
B m(x X+ ydy) + 5 (ydx = xdy) = —-(q1dx + q2dy)

and the area form is 0 = —1df = ldx Ady = Ldx ndy = ,/4+q° % gy Ady.

The local coordinate derivatives d, and 9, on the surface are then the restriction of
A— %Z and B — Z—EZ from the ambient space, which allows us to express the metric
as

ai 9192
(em)= ("o W) wnmra AL
hyy h g a | 472 ’
xy tyy L5 1+4122 Z a

From the identity /1 — a?iyo = —Vla_”ztxdx A dy = f and the requirement that
X, X» should be a positive orthonormal basis,

1
X = ——(—q20x + q10y),
A/qo(5 — qo) ! ’

-2z

Vao S —q0)\/422 + g} + 43

or with the notation Yy = x9x + ydy and Y| = yd, — x0y,

X, = (q10x +q28y)7

X = 1 —qgoYy —2Y
m(\/ q0Yo 1,
——2Y0 — /1 —qoY1).

v/ 610(5 q0)

Using that (x, y) = (0, 0) is a critical point of a and that d,, dy is an orthonormal
basis when z = 0, we obtain that

Xp= ———

9%2a 9,0ya
h,2 X x Yy
det(V"2a)(0, 0) = det <ayaxa aga)

- —5s/4 0 B ,
s~ (V)

Hence, condition (A) is satisfied by Theorem 2.6. For the computation of the diver-
gence, we observe that since +/deth = and since the poles are critical points of a,
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243 Page 14 of 33 E. Grong et al.

then for any vector field Y=Y 18X + YZay,

Yl )72
lim div(Y) = hm |a| +0dy— | = lim (8 y! + 9y Y»).
(x,1)—0 || “lal] T @

We compute
. —dxq2 +0yq1  —xq2 + yqi s
hm 4/ odiv(X) = lim /qo < — = ——.
f 5 (x.)—0 V40 (Vq0)? NG
and with similar calculation
0xq1 +0yq2  xq1+ yq2 2s
hm 4/ odiv(Xp) = 4/q0 ( — — = ——.
\/_ ( N (Vq0)? NG
Furthermore, lim(, y)—0 1/ =5 and
, Xoa 2 . Yoa 2 s-(=5-2 5
lim ——=—-— lm —=-—.-———=—-s.
@.9)—=0 a/qo V5 =0 qo V5 2-4 2

In the latter equation, we have used that Y1qo = 0 and Ypqop = 2go. Inserting these
identities into (1.2), then the limits Ky, g at the poles are

lim | = divix) - 224
(£,9)—=0 a

div(X)

J1 — 42 2 /1 _ 42
a <1+%div(X)) —%

_ 1+1_5
o 4 27 4

Hence, the ratio K g /+/det V/-2a equals 1 at both points in char(X) and we can then
recover the Euler characteristics as x (X) =14+ 1 = 2.

3 Geometric identities and the variational metric
3.1 Variational metrics and the Levi-Civita connection

We will now define a family of Riemannian metrics g on M such that ¢°|g = g
and such that Z is orthogonal to E with

82, 2)=(2,2)s = ¢

Remark that ¢ = 1 corresponds to our case in Section 2. The tensors J and t are still
skew-symmetric and symmetric respectively relative to these metrics. Furthermore, if
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V is as in Section 2.1, then this connection is compatible with g® for every & > 0. Our
goal first will be to relate the geometry of (M, g°) using the tensors J and 7. For each
g%, we have a corresponding Levi-Civita connection V¢.

Lemma 3.1 Introduce an operator
_ 1
Qs =5J —et.

Then for arbitrary vector fields Wi and Wy in T'(T M),
R 1 1
Vi, W2 = Vi, Wo +(Q: Wi, W) Z — ga(WZ)Qawl - Z‘x(wl)JWZ- 3.1

Proof This follows from simple application of the Koszul formula. If Yy, Y, Y, €
I'(E), then

(Vi Y1, Ya)e = (Vy Y1, Y2)e, (V§,Z,Z)e =0,
(Vi Y1, Z)e = 3= ([Yo. Y11, Z) — (t¥0. Y1), (VY1 Z)e = —(V5Z. Y1), =0
(Vy,Z, Y1)e = (t¥0, V1) — 3 ([Y0. Y11. Z2).  (V4Z.Z), =0.

and (V%Yl, Y2)e =([Z, Y1], Vo) +(tY, Vo) — 2]—8([Y1, Y31, Z). The result follows. O

3.2 Expansion of the curvature

We want to see how the curvature tensor of V# changes with respect to ¢, described
by the relations below.

Lemma 3.2 IfY be a vector field with values in E. We then have identities

e 3 4 € 2 4
(R (Y,JY)JY,Y)E:(R(Y,JY)JY,Y)—£||Y|| +§IITII i,
(RE(Y,JY)Y,Z)e = ((VyyD)Y,Y) — ((VyD)JY,Y),

1
(Y, JY),

Y2 = |tY|I> — (VzD)Y,Y) — "

1
(RS(Y’ Z)Z’ Y>€ = E'

(RE(Y, Z)JY, Z)s = —é(rY, Y) + (Vz1)Y +12Y, JY).

Pl;)of For general vector fields V;, j = 1,2, 3, 4, write nﬁ,l Vo = Vf,] Vo — Vy, Va.
Then

R (Vi, V2) = R(V1i, Vo) = (Vvin)v, — (Vv i)y + 17y, vy + (03,5 13,1

From Lemma 3.1, we have 0§, Va = (Q: V1, Va) Z — 1a(V2) Qe Vi — 5-a (V1) T V2,
which gives us

(Vv v, Va = =& (Vi D VI, V2) Z + a(V2) (Vs D) VI,
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243 Page 16 of 33 E. Grong et al.

1
Nrovyvs V2 = (Vi) (QeTV3, V2) Z — ga(Vl)a(Vz)QgTV,z

1 1
—a(V3)(QetV1, V2) Z + Eot(V3)Ol(V2)QsTV1 + 2—8(JV1» V3)JV;

Using these identities, we have

(RE(Y,JY)JY,Y)e — (R(Y,JY)JY,Y)
= —IYIIF(m5JY, Y) + (0%, ny I Y, Y)

1 1 1
—2—||Y||4 — —(Q:JY, JYNQ:Y,Y) + —(Q:Y, JY)(Q:JY,Y)
£ £ £

1 1
——IYI* +e(rY, V)2 +e(rY, JYY: — —|¥|*
2e 4e

3
0 1Y 1%+ ellz 1Y 14
£

The connection V preserves E and E L. and hence the same holds for its curvature
operator. As a result,

1
(RE(Y,JY)Y,Z)s = g((vYﬂg)JYY — (Vyyn®)yY —n3Y + [ny, n5y1Y, Z)
=—((VyD)JY — (VyyD)Y,Y).

(RP(Y,2)Z,Y)e =((Vy1*)zZ — (VZ0* )y Z — 7y Z + [y 0712, Y)

1 1
=(=(VzOY + - Q1Y — =5 J QY. Y)
& 2¢e

1 », | 2
— =@V, JY) = ItY|I" + = IYI".
£ 2¢e

1 1
(RE(Y,Z2)JY, Z)e = —(=(VzD)Y + EQsTY - 2—821QaY, JY)

=—((VzD)Y.Y)

= ((VzO)Y,JY) — é(‘EY, Y)+ (zY,tJY).

This completes the proof. O

4 Embedded surfaces and variational metric

In this section, it will be convenient to introduce notation
be =1 —(1—2¢)a?,

such that % is uniformly bounded for 0 < ¢ < 1, while unbounded for ¢ = 0.
For our surface ¥ € M, we write h° = g°f|ry for the induced Riemannian metric
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from g° and we write o° for the corresponding volume form. Recall the definition
of ¥/ from (2.3) with h-orthonormal basis X, X>. The tangent bundle T’ will have
a positively oriented, orthonormal basis X, X 5 with respect to 4%, with

X5 = “b/—sz, givingus of = Lo,

NG
Using the orientation of ¥ and M, we also have the unit normal vector field,
Ne=LN* N=eaZ—-1-d’JX.

We denote corresponding scalar-valued second fundamental form by II°.
We want to consider the Gaussian curvature K¢ of h°. It will be sufficient to find
the formula on X'. If R® is the curvature operator of V¢ then

K® = (R*(X, X5)X5, X), + I (X, X) II° (X5, X5) — II°(X, X§)2, 4.1)
=: Sec® +IT§ | II5, —(IT%,)>.
We will use this Gauss Equation to compute the curvature.

Lemma4.1 On ¥/, we have

H‘il :—i(eaTO‘i‘bO(VXX, JX)), HEZZi(—% —i—al’o),

JeXa 1 -2t Je 5
e, = — =——(bV X.JX 1 )
12 bobg + 2\/5 bg 0( X2 )+a ( +8T1) +

Proof 1f we write X = Xy, then fori, j =1, 2,

1
2/

1 &
_b_<VXI-N£a Xj)S’

&

I (X;, X;) = —(V§ Ne. X))

= X <ez +LTX, xj>£ — B(VE 7 X)e + B (VS TX, X))

b
We see that
V4Z = % (—JX + 261X +2e11 /X)),
Vj}zZ = 5 (X — 2810/ X + 211 X),
Vi X = JVxX + 5 (1 —2¢e1)) Z,
Vi, JX = JVx,X + astoZ + 5-boX.
Combining formulas, we get the result. O

An important observation from this lemma is that the expressions II{ |, II5, and II{,
are all uniformly bounded on X’ for fixed & > 0. The same hold for terms 7 and 7.
This observation is a consequence of the fact that t and II¢ are tensors on the compact
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243 Page 18 of 33 E. Grong et al.

% which have to be uniformly bounded relative to g®. We obtain the next important
corollary.

Corollary 4.2 The following expressions are uniformly bounded on %',

Xa Xoa
—,  —, bo(VxX,JX), bo(Vx,X,JX).
bo bo

Remark 4.3 Observe that (2.4) can be reproduced from the formula of II$,. We note
that (2.4) can we rewritten as

Xa Xa 5 bo
T b T RN
+ — —(EJXQ—‘EXQ,X>Z+§b()JX,X2 — by
a

5 by . bo 1 1
=a“+ —div(X) + — (abyo(= + 11) + =boa | — bo11
a a 2 2
bo ..
=14 —div(X),
a

reproducing the observation for the divergence of X in Remark 2.4.

Remark 4.4 Considering the foliation along X, we look at its geodesic curvature of
the leaves relative to h¢,

kG = (V5 X, X5)e = —(X, Vi X5)e = — dive (X5)

where the divergence div, is with respect to o®. We can then use

divg()A(g)U‘8 =dig.0° = dix,0 = div(X2)o = ?diV(Xz)(fs.
2 3

We consider the limit k%’E = \/Lgk%E = ﬁk}g = —\/1+7 div(X») as a descrip-

tion of the rate at which the foliation flattens out.

5 Proof of the Gauss-Bonnet formula
5.1 The primitive of the curvature integral

Let X be the orthonormal basis of E N T X’ as defined in Section 2.2, with X, =
boZ + aJX. Recall definitions of 7y and 7. Also recall that K¢ is the Gaussian
curvature of (X, h%), while Sec? is the sectional curvature of 7% in (M, g%) as defined
in (4.1). We isolate the order for the different terms that will appear in our integral
f s, K¥o® for the Gauss-Bonnet theorem.
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Lemma 5.1 We have expansion in terms of € as
3
Keof = (;)/_5 (LB1-1+ Bro)+ (£) (2B2r + Bz,o)> o .1)
with uniformly bounded terms

X Xa)? X
Bi_1 =73 — a’>, By = (VxX,JX)X2a— <b—‘?, By = ato G,
0

By =Sec' +a* (1 —13) — (11 — %)2 — boato(VxX, JX) — 211}15—8‘.

Proof We consider the Gaussian curvature using the Gauss equation (4.1). We first
have the expansion

b2
£ Sec® = (R*(X, X2) X2, X)e
&

= a*(R*(X, JX)J X, X)e + B3(R* (X, Z)Z, X)e — 2abo(R*(X, JX)X, Z).
3

— a2 (<R1(x, IX)IX.X) = — + (] + rf))

+ b3 R 2 (Vz1)X X)—l

0 482 TO T] 7T N 87:]
—2aby ({((Vyx1)X, X) — ((VxT)J X, X))
3 b2 3

= Sec! +a? (— - (r02 + r]2)> _ 20 b(z)rl +a® <—£ + a(rg + r12)>

4 4

1 3 1
= Sec! +a? <_E+Z — (@ +tH+u +8(Z+T02+‘L'12—‘L'1>>
TSy Ly
— -1 ——+7 .
e\ge2 g1 g
Writing out the identity K¢o® = j—%(Sece +117, 115, —(II§2)2)a,anduSing Lemma4.1,

b 1 3
7‘% Sec® = bij (Sec‘ +a? (‘g +1- (B +tH+1

1
we(gredon)))
b (1 1
—|——-1—-¢|-—7 ,
Je \4e 4
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b
7’% I, 115, = —“Z—E ea’tg + boato(Vx X, JX))
&
g( ato— + (VxX, JX)X2a>
&
(II e(Xa)2 1 — det) + 42 'Cl Xa(l —2¢e1y)
f b3b? 4 bob?
f (Xa)2 Ve Xa(l —2et)) b 1 —det + 4627}
b3 b2 b ebg NG 4g ’

Adding all of these terms together, we have

& 0
Ve [Xa a*> 1\? 1\?
yera2ae & _Z —b _ -

+bg s +a‘e(n -3 eVeE | T 5

X Xa)?
Ve an 2% 4 (Vx X, JX)X2a — %
bo b

1\? X
\b/_E (Sec1 +a? (1 — 102> —a? (1’1 — E) — boato(Vx X, JX) — 2r1b—a)

which equals our result. The terms are uniformly bounded by Corollary 4.2. O

5.2 Proof of Theorem 1.1

Let us first state the following result related to limits of integrals that are singular at
the limit.

Lemma5.2 Let f : [—1, 1] — R be a continuous, uniformly bounded function and
write by = /1 — (1 — &)a>.

(a) The following limits of integrals vanish;

lime—o v [ 42da =0 and limeoe [', fsda = 0.

(b) We have lim,_,¢ f_ll fb(—f)da = f_ll fb(—:)da with the latter integral being well-
defined and finite.
(c) The limit limg_q \/Ef . f(a)da exits and equals

tim 7 [ 1 )da—f( D+ £(D).
—1

e—0
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(d) The limit limg_ \/LE fil f(a)(bl—g — bl—o)da exists and equals

1
tim 7/ f@) ( %) da=—f(1) - f(-1).

Proof The statements for the integral fi] %da follow from the identity

@ SN
—lm - “gfsmlfﬂﬁsm(u))du,

which converge to f_jl f(sin(u))du. We similarly have
2

172

1 &
f S da —/ ) du
4+ —=Da2)327" [ \Va—ou+1

Obviously, this integral has upper bound for any 0 < k < \/Lg,

ﬁﬂﬁ)”*(%"‘)

max f(a)+ max f(a)
—l<a<——Kk ——k __<4<1
=a= V(1—e)k2+1 V(1=e)k2+1 =a=

f/if‘(ﬁ)d”(%‘k)

max f@+ max f(a)
_1<a<_L L<a<1

=T Ve N T

and an analogous lower bound involving the minimum. As the limit of both of these
bounds vanish when multiplied with & and letting ¢ — 0, we have the second part of
(a). Multiplying with /¢ and taking the limit, we obtain

min k f(a)+ kmin f(a)

—l<a<—

k2417

< lim f/ f( ) a < max f@+ max f(a)
£—0 —l<a<——% —k_ <a<1

T V24 k241

and letting k — oo, we obtain the result of (c).
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Finally, for the result in (d), define for —1 < ¢] < ¢» < 1, the integral I, (c1, c2) =
e (,,L _ %) da = F.(c2) — Fe(ct), where Fy(0) = 0 and F/(0) = ;- — . Then

1

sin~! (/T = €c) _

F.(c) = sin~! c),
£ () T ()
and so
o 3 sinl(JT=sc) —life=1,
lim —F(c) = =11 ifc=-1,.
=0 /& d/e vi—e =0 0 otherwise.
Hence, for —1 < ¢; < ¢ < 1, we have
.11, c2) . Me(cr, 2) . A1, 1)
lim —— = —1, lim ———— =0, lim ——— = —1.
eS0 e 20 Je eS0 e

Next, since for any subinterval,

1
( min f(a)> Leney < [ f@ (i—i) da

c1=a=cy 1—p be bo
< < max f(a)) I (c1, c2),
c1<a<cy

it follows that

_ 1 1 1
alin_ fa) <E—%)da=—f(l)—f(—l).

O
Proof of Theorem 1.1 From the equation (5.1), define a function A;; : [—1, 1] — R,
such that A; j(c) = [y, Bi,jo forc > 0,and A; j(c) = — [._,_oBi jo forc
negative. Recall that each B;; is uniformly bounded on ¥ by Corollary 4.2, so from
Assumption (A), each A; ; is differentiable when 1 — |c| € (0, §) for some § < 1 with
a bounded derivative. We look at limits of |. s Kfo® =2m x(2).

Computations of terms of order —1/2. Since limg_, ¢ \/Efx Kfo® =0, then

1
lim /¢ Kéo® = / —Bj _j0
lal<cy |

e—0 al<ci bo
and from Lemma 5.2 and its proof
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lim /& K¢o®
e—0 c1<a<l
e (1
= lim ~A, _ 4+ Ay )da— lim Ao+ AL e)da
im [ (G )da—tim [ (a0 440

1 By,
= b_Al _lda = b o2
c1<a<1 P0 c1<a<l 0
Bi,—1

and similarly lim,_, ¢ \/Ef_lsaf_c1 Kéot = f01§a<1 =50 In conclusion,

By,

—0.
bo *

lim e | Kfc® = /
e—0 M >

Computations of terms of order 0. Using our computations for order —1/2, we have

that
/ Kéo® =/ Keot _f B
z o s by
- /}: ((%Bl’_l <b_1£ b10> + Z_:Bl 0) + big(Bz,—l + Bz,oe)) o
- /_11 ((%A/H (bl - bl_o) " Z_E /Lo) + §<A2,_1 + A/2,05)> da

and using Lemma 5.2, we finally have

lim [ Kfo® =2mx(%) = Ay (1) — A} _; (1) + A5 _(=1) — A} _;(=1).

e—0 /)%

For the final part,
Xa bo
By 1= S . +—d1V(X)
by
2 2
X X
Byt = (VxX. JX)Xoa — S _ _(x vyx, 20 Ka”
’ b3 a b3
Xoa (Xa)2

h X2a
= —(X, Vy Xp)— + (X, bot X)— —
a a bo

2
— (div(X2) — boto) Tza - (1 + —la_a div(X))

Using Remark 2.4 and Remark 4.4 with a = cos ¥, we can also write

sin?

n< ¥
Bi_|=—X®—cos’®, By_|= (K% + 1) X209 — (X9)?
cos v
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We notice that Ky, g = B2 1 — By, for the result. O

Remark 5.3 We observe as a corollary of the proof of Theorem 1.1, since the terms of
order —% in ¢ has to vanish and we will have

Bi—1 1 a’ _ / T -
Lot (e a=) = L (V= faveo) e o

6 Analysis of surfaces with boundary

For the final section, we will consider manifolds with boundary. Let (M, E, g) be a
sub-Riemannian contact manifold. We will assume that we have a compact C>-surface
% C M withaboundary 3 ¥ that is piecewise C2. Let & be the induced from the metric
g = g1. We parametrize 9 by a piecewise C2 curve y : [0, £] — 3%, parametrized
by h-arc length and positively oriented. Relative to the restriction of the contact form
B = a|ryx, define

W ={rel0,£]: B(y@) #0}.

e We say that f{ € W™ if 11 is a left limit point of W such that B(y (¢t;+)) = 0.
e We say that #, € W™ if 1, is a right limit point of W such that (y (t,—)) = 0.

Note that W and W™ are not necessarily disjoint, and that there may be limit points
of left or right limit points that are not in W, since they could be corner points. We
will assume that the following holds.

Ift; € W (resp. t; € W) then

9B (N+) # 0 (resp. LA (12—) # 0). ®)

The assumption (B) has the following geometric interpretation: Any transition point
where the boundary goes from not being tangent to E to being tangent to E, has to
either be an isolated point tangent to E or it must happen at a point where the boundary
fails to be C2, see Remark 6.3 for more information. Let X and X > be asin Section 2.2.
For y (¢) ¢ char(X), write

y(t) =cosO(t)X +sinf (1) X>. 6.1)

Let S = {y1, ..., yn} be the set of points where 3% fails to be C2, each with exterior
angles ¢{, ..., ¢%, with respect to 2°. Write ¢jl. = ¢;. We define § = S U §1 U Sp,
where S, contains the points y; = y (c) satisfying that precisely n of the vectors y (c—)
and y(c+) are in Ey, N Ty, X. Define kg as the signed geodesic curvature of 9% with

respect to h° with kél, = kg.

Theorem 6.1 (Sub-Riemannian Gauss-Bonnet theorem with boundary) For points y =
y(t) € 0X where the below functions make sense, define

pE(y) = sign((X, y(t£))) g (y) = sign((X2, y (%))
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Write WE = {t € W¥ : (1) ¢ char(X)}, and define

() — cos6(0) LBG)(t) — aly () cosO(t) sin (1)
1LB(5)(1)] '

If (A) and (B) hold, then

/ Ks po —i—/ ko (s)ds + Z o
c=0Yal>=1—-c dXNchar(X)

Yi€S2

+ 3 ) sien@) + Y. 2 =g (g™ () sign(dn)
Yi€S Yi€So

+% Y at @)ty +% Y a @)p (@)

tew+ tew-

20X wen-3 Y weo

teW+tnchar(Z+) teW—Nchar(Z+)

d
2mx(5) = —

We can interpret the result as follows. If the boundary has a segment that is contained
in the characteristic set, then its geodesic curvature contribute as usual, as do corners
with both vectors in E, i.e., points in S,. For curves outside the characteristic set,
geodesic curvature of paths tangent to E and non-tangent to E approach respectively
zero and infinity, and neither will hence contribute to the Gauss-Bonnet formula. If a
vector is notin E, it will become more and more orthogonal to E, so, up to sign, we get
an angle of 7 for every point S| as well as for every point where the curve transitions
from non-tangent to E to following E outside of the characteristic set. Vectors outside
of E also become more parallel to each other, so angles in Sp approach either 0 or 7.

Proof Our goal will be to show that

J5 Kedo® + [o5 ke(s*)ds® + 30, 9% = Co+ Sk + S8 4 o(1),
for some constants Cg, Cy, C>. It then follows from the Gauss-Bonnet theorem that
C1 = C; = 0 and that Cy = 27 x(X). The conclusion follows from proving that
Co equals the expression in Theorem 6.1. The proof will proceed in parts. We first
compute geodesic curvature along C2-components of the boundary, then establishing
the limiting behavior of the resulting integrals. Finally, there is an analysis of the
limiting behavior of corners. O

Geodesic curvature along €2 components of the boundary
We let y (¢) be a parametrization of the boundary d X by h-arc length defined on [0, £].
Write

Ve®) = y(@e(s)),  #0e() = pomas 90 =0.
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for its reparametrization by h® = g°|y-arc length defined for s € [0, £°] with

=g, 1(¢). Let I¢ denote 7—rotatlon on T X in the positive direction with respect

to h®. For any s = s € [0, £°], the h®-geodesic curvature of y. at s equals
kg (s) = (D:{ye, I°ye)e where D7 is the covariation derivative with respect to V*
along the curve y (¢). If ds® denotes the increment with respect to h®-arc length, then
we are interested in computing the integral

Y4
1
k*:(s‘s)dsg:/ . (Dfy, IF)ed.
/az g o It ¢

We want to find the part of this integral that has order zero with respect to €.

Decomposition into subintervals
Write [0,¢] =T = To U Ty U T, U T3 where

To={teT : y@) €S},

T\ ={teT\Tp: y() € char(X), y(t) defined},

h={teT\Ty: y@) ¢char(X),y(t) e E,()} ={teT : 0 =0},
I3={teT\Ty: y@) ¢char(X),y(t) ¢ E,h)} ={teT : 6 #0}.

In particular, 73 is an open subset of 7. Since Ty consists of isolated points,

Jys K (s%)ds® = f(sS)—l(Tlurzumka(ss)dss'

Furthermore, on 7, we have that f(ss),lm) ke (s%)ds® = f(ss),lm) kL (s)ds. We will
thus only consider 7> U T3.
Recall that 8 is the restriction of the contact form to X. Introduce the function

() = B(y(t)) = bo(y (1)) sinf(t), and note that
1912 = cos?0 + L sin20 = 1 4 (1 — )L = £H1=00¥?

Since y is piecewise C?, it follows that v is C! on each piecewise component where
it is deﬁned For t € T2 U T3, we can then write y(¢) as in (6.1), meaning that

IFy(t) = cos 60X, — jg sinf®X. Then

1
(Df)}’ls)})s=<D17}+<Q67}’)}>Z_ﬂ()})< Qe + —J>V

b
£cos@Xg - = sin9X>
be Je .
. .1\ acosf/s b, sin 6
—(p _ gy ), Y g x - X
< t)/—i-lﬁ(T)/ € )/) be NG >
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cos 6bg

€by
cos 6 b, sin 9
= (ko,0 + €k1,0) + ——=— (ko,1 + €k1,1
cosf

_ ¥
= Jebs (k00+8k10)+\/g (ko,1 + €ki,1)

sin 6
+ — k(),l +8k1,1 .
NCOETT )

(Dry, Z) —e(ty.y)

with

koo = —vra(Jy, JX) +bo(D;y, Z) = bo(—a cos 0 sin O + V),
kio=a(Dy, JX)+ ¥ (zy, JX) —(ty,y),

ko1 =¥ (Jy,X) = —ysin0,

kin=(Dy, X)+ ¢ (ry, X).

For the integral over T, we have ¢ = sinf =6 = 0,cosf = +1 and ||y|. = I,
so our integral becomes

k
/ Kedst = e [ 22
(s)"1(T) 7, be

since f approaches 1 or O at endpoints that respectively are or are not in char(X).
For the remalnder of the proof we will compute f )~1(T%) kéds®

dt — 0.

Computations over T3
We will use the following result to calculate the integral over 73.

Lemma 6.2 For any C'-function f : [0, £] — R, we have
(@)

Ve f(t) 7T f@o = S (@)

— =t — - - = -
et (d—epo?” % Wl 2 ZW: 1 (1)
(b) Relative to f, there exists constants such that

1 foy@ . _ loge

1
ﬁ T e+ —ey@? NG —Ca ¢ +o(D),

NG

so in particular, there are no terms of degree 0 in ¢.
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(c) For the geodesic curvature, we have

i .
kfds® = — sign(y (1+)) cos 6 (t+)
/_I(Ta) ’ 2 Z

tew+

o Z sign(l'ﬁ(t—)) cosB(1—) — Z a(y (L)) cos2e(tj:) sin 6 (£1)
2

teW— tew+ |1ﬂ(t:|:)|
s a(y (1)) cos? 6 (1%) Sin ()
e [ (15)]
:% Y gt o)ty +% > g ) ()
reWw+ teWw-
b4 b4
+5 Yo wa) - 5 > wi-).
teW+Nchar(X1) teW~Nchar(XZ 1)

Proof In order to find the integral of the geodesic curvature under T3, We will first

need to consider integrals of the form . T3 HL dt and L dt with

(1—e)y? sz e+(1 8)1//2
f being C!. Consider three types of subsets Lo, L_ and L. of T3, with the following
properties.

e Ly is an interval where ¥ is bounded away from zero.

e L = (c1,c2) is an open interval, where i is bounded away from zero on any
interval (c; + p, ¢2), p > 0, but ¥ (c;+) = 0. Furthermore, we assume that w is
bounded away from zeroon L.

e L_ = (c3,c4) is an open interval, where ¥ is bounded away from zero on any
interval (c3, c4 — p), p > 0, but ¥ (c4—) = 0. Furthermore, we assume that w is
bounded away from zero on L_.

By our assumption (B), we can decompose our set 73 into a disjoint union intervals
of the above type, where we have one interval of the type L, (resp. L_) for every
c € WT (resp. ¢ € W™). For an interval of the type Lo, we have

G
Lo €+ —e)y? di = 0(/e).

o fe [
\/E L08+(1_8)‘¢/2 \/_ L()

neither of which have terms of degree zero. We consider the L and L_ for the
remainder of the proof.

dt+0(\/_)

(a) For Ly = (c1, c2), we will use that for any sufficiently small p > 0, (c1, ¢2) \
(c1, c1 + p) is an interval of the type Ly. We hence have that

S N
/c. s+(1—s>w2dt_fcl ST ayr oW,
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and furthermore,

<1nf,31 <t<c1+p
1ﬁ(t)
c1+
N \/ lﬂ( 1+ 0)

B /cc1+p Jef

. e+ (1 —e)y?

(Supc1<l<c|+p iiii
< N 1#(61 + )

Taking a limit as ¢ — 0, we have that

(signw<c1+p)>%( inf &>

ci<t=ci+p Yr(t)

. ke Vef . 7T J ()
< gl_f)% ; mdt < (signy(ci +P))5 (Cl<§l_<l£)1+/7 W) .

As this should be valid for any p, we can let p — 0 to obtain

@ Jef _ 7 f(ci+)
/m (=)l dr = (Slgmﬁ(CHr))z]/f(1 )+0(1)
_ 7w flat)
+o(1).
= 2 TV
If we do similar computations for L_ = (c3, c4), we obtain
“ Vef 7 fleam)
— —dt = +o(1).
/ca cra—o92 T 2 e T

(b) For L, using integration by parts, we find that

e fv P fv i
Velog e+(—oy2 " e ), e+(—oy?

+L/62 Lar+ o/
\/E C]+,0¢

_log(e + (1 —e)y(cr + p)?) flci+p) _log(e)  fleit)
- 2/e(1—¢) Vi +p) 2/l —&) y(cr+)
L N b log(e + (1 — S)wz)i (i) dt
2/e(1 —¢) J,, dr \
log ¥ (c2)| f(c2) log|¥(ci+ p)| flc1+p)
NCEIC)) NG yr(c1 + p)
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e d(f
~ 7 . 10g|1/f|z (E) dt + O(Ve).

Using that

log(e+(1—e)Y(c1+0)°) flertp) _ logly(citp)l fleitp) _
° 2/e(—¢) Ferto) i et = OWe

C

o the integral [
o limyo [ log(e + (1 — &)y ?) & ('«j/;) dt =0,

we obtain

2+p log |I/I|% (—5) dt is finite,

Lo fy
Gl srd-apr®
_ _loge) flei) 1 <f(02)

-—+_ 0} 1
7z 2@ 75 ey

[65) d
—/ log|1/f|Z (i) dt) +o0(1).

In particular, there are no terms of order zero for such integrals. Similar computa-
tions for L_ show that

LY L
\/E c3 2 + (1 - 8)W2
_ log(e) fleam) 1 (_ f(c3)

- + — - 1
VE e VE\ ey )

cq d
—/ log|1p|£ (%) dt) + o(1).

e(Diy.I°y)e
e+(1—e)y2 )
type in (a) with f(1) = £28ky o, f(1) = Yhkiidt, (1) = 225-ko, f(1) =

;:j:‘bik 1,1 will all vanish in the limit, either because the functions vanish on W=
or because they are multiplied by ¢. Using (b) with f(¢) = ko,1 has no terms of

degree zero. It follows that the only part that can give terms of degree zero in ¢ is

dt

(c) We need to compute the limit of /. T dt as ¢ — 0. The integrals of the

%
/ € cos Ko odr.
T:

s be(e + (1 —e)y?)

We see that if we let & approach zero and then let 7 move towards W+, then the
limit is

cosO(tE)(—a(y(t£))cosO(tt)sin O (xt) + Y (tL)).
Outside the cut-locus, we can simplify this expression as y(t) ¢ char(X), then
Y (t) = 0 is equivalent to sin #(¢) = 0. Furthermore, since ¥ (t) = 0 for ¢t € W=,
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ey

Fig. 2 The figure shows four cases where the boundary 9% in green intersects the characteristic foliation

tangent to E in blue. The three first are compatible with (B). In the first figure, the boundary is only tangent at

an isolated point, and its second derivative does not follow the curve in blue. The second and the third figure
. 1 2 . . .

represent respectively a C' - and a C“-singularity. In the fourth picture, the boundary smoothly becomes

tangent to £ which is not compatible with (B) (Color figure online)

we have )
sign(y (1)) = Esign(y (11)).

Contributions from corners

Finally, we consider elements of S. We observe that if v, w € T'X with oriented angle
qﬁj relative to 4%, then

v, W)pe
lim |¢¢] = lim cos ™! N, whae]
e—0 e—>0 lvllne lwllne
o1, vwe ENTE,
= %, veEENTE, we¢ ENTXL,

%(1 —s),v,w ¢ ENTX,s =sign(B(v)B(w)).

The result again follows by writing the Gauss-Bonnet formula with boundary for
the g® metric and taking the limit ¢ — O. O

Remark 6.3 1f (B) does not hold, these we can easily find examples of v (#) such that

the integral f:l‘” 8+ﬁ1)2 dt approach oo as ¢ — 00, e.g., ¥ (1) = Ct>. For finding a

Gauss-Bonnet formula in this case, one would need to establish exactly which part of

2 \/Eébs

the integral fq T dt has order 0 relative to ¢ for any general .
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