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Abstract

On H-type sub-Riemannian manifolds we establish sub-Hessian and sub-Laplacian com-
parison theorems which are uniform for a family of approximating Riemannian metrics
converging to the sub-Riemannian one. We also prove a sharp sub-Riemannian Bonnet—
Myers theorem that extends to this general setting results previously proved on contact and
quaternionic contact manifolds.
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1 Introduction

Let (M, g) be a Riemannian manifold, equipped with an orthogonal splitting TM = H &V of
the tangent bundle. The sub-bundles H and V are called the horizontal and vertical bundles,
respectively. The canonical variation of the metric, introduced in [21, Ch. 9] in the context
of submersions, is the one-parameter family of Riemannian metrics defined by

1
8 =8gH D S8 Ve > 0,

where g3, and gy denote the restriction of g to the corresponding sub-bundle.

Assuming that H is completely non-holonomic, the sequence of Riemannian distances
de converges, as ¢ — 0, to the Carnot—Carathéodory metric dp of the sub-Riemannian
manifold (M, H, g7). Conversely, the metric structure of any sub-Riemannian manifold can
be obtained as a limit of Riemannian metrics in this way. We emphasize, however, that that
the choice of the Riemannian extension is not unique.

Even though the convergence d; — dj holds in the C°° compact-open topology outside
of the cut locus, it is not hard to check that the Riemannian curvature of g, is unbounded
below as ¢ — 0, provided that H is completely non-holonomic (see e.g. [24, Ch. 2.4] for
the case of the Heisenberg group). For this reason, several classical geometrical estimates
based on the theory of Riemannian curvature lower bounds do not bring, at least directly, any
insight for the sub-Riemannian limit structure.

To better illustrate this fact, let us consider as an example the classical Laplacian com-
parison theorem. This is a fundamental result in Riemannian geometry, directly related to
volume comparison theorems and a special case of the Rauch comparison theorem. It states
that on a Riemannian manifold (M, g) with Ricci curvature not smaller than (n — 1)k, the
Laplacian of the distance r(-) = d(x, -) from any x € M satisfies

(n — 1)/k cot(/xr) k>0,
Ar < {n=d k=0, (1.1)

(n — D/Ik|coth({/Ik|r) k<O,
outside of the cut locus of x. Let us consider the above estimate for the family . corresponding
to the canonical variation (M, g.). In this case, even though the left hand side of (1.1)

converges as ¢ — 0 to the horizontal Laplacian of the sub-Riemannian distance ro from x,
its right hand side tends to 400, yielding no information.
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Let us stress that this is not a pathology of the canonical variation approximation scheme.
In fact, it has been known for some time now that one cannot approximate in the Gromov—
Hausdorff sense a sub-Riemannian structure through a sequence of Riemannian structures
with the same dimension and (Ricci) curvature bounded from below [31, 32, 40].

Nevertheless horizontal Laplacian comparison theorems do indeed hold, at least for par-
ticular classes of sub-Riemannian structures. For example, any complete 2d 4 1-dimensional
Sasakian structure with non-negative horizontal Tanaka—Webster curvature satisfies

2d +2

Anro < , (L.2)
ro

as proven in [3, 4, 34] in increasing degrees of generality, in terms of a measure contraction
property essentially equivalent to (1.2). Notice that the aforementioned class of structures
includes the Heisenberg groups and the Hopf fibrations, for which (1.2) is sharp.

Another hint comes from the class of 4d + 3-dimensional 3-Sasakian structures. In this
case, it has been proven in [11] that, under suitable (possibly negative) curvature bounds, the
estimate (1.2) holds true with a constant equal to 4d + 8, which is sharply attained in the
case of the quaternionic Hopf fibration.

We remark however that all the aforementioned results are purely sub-Riemannian, and
do not come with similar estimates for the whole family Are, for e > 0. In [16], with
methods similar to those used in the present paper, the authors filled this gap for the case of
Sasakian foliations with non-negative horizontal Tanaka—Webster curvature. Among other
results, they proved an uniform version of (1.2), namely

N(e)

Apre < , (1.3)
I'e

valid for all ¢ > 0, where N (¢) is a positive an asymptotically sharp constant, which reduces
to (1.2) as ¢ — 0. Notice that the validity of (1.3) for the canonical left-invariant metric
on the Heisenberg group for all ¢ > 0 was observed in [36] in terms of equivalent mea-
sure contraction properties, whereas the validity of analogous uniform estimates for general
structures was left as an open problem.

Uniform comparison theorems

The goal of this paper is to develop comparison theorems for the horizontal Laplacian of the
distance from a given point r.(-) := d.(x, -), of the form

Apre < Fe(re), Ve >0, (1.4)

which should hold outside of the cut locus, and under appropriate curvature-type assumptions.
Here, F. : (0,00) — R is some continuous model function, depending on the particular
class of structures under investigation. A fundamental requirement is that the right hand side
of (1.4) admits a finite limit as ¢ — 0, yielding thus a truly sub-Riemannian comparison
theorem for ry. This is the case, for example, when the model function F¢ (-) does not depend
explicitly on ¢; we talk in this case of uniform comparison theorems.

To achieve our goal, we make use of the variational theory of geodesics for the canonical
variation of the metric, developed first in [16] in the context of Sasakian foliations. This
leads to a comparison principle, Theorem 2.11, which will be used throughout the paper.
Such a theory can be applied a priori to any Riemannian structure (M, g) equipped with an
orthogonal splitting. As it is natural to expect, when g = g.|.—1, further assumptions are
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required to ensure the uniformity of the result and, in turn, the existence of a sub-Riemannian
limit.

For this reason, in Sect. 3, we restrict our attention to the case of H-type foliations with par-
allel horizontal Clifford structure, which we briefly introduce here (cf. Sect.2 and [17], where
those structures were introduced, for further results). These are a general class of Riemannian
foliations (M, g) with bundle-like metric and totally geodesic leaves. The tangent space to
the leaves at each point defines the vertical sub-bundle V), and its orthogonal complement
defines the horizontal sub-bundle H. Letting Jz : I'(H) — I'(H) be the endomorphism
defined by

g(UzX, Y)=¢(Z,[Y,X]), VX, YelH),

the H-type condition is the requirement that J 2 = —|Z|I*1, forall Z € T(V). The parallel
horizontal Clifford structure condition is instead an assumption on the covariant derivative
of J, extending to more general foliations the fact that, for Sasakian structures, J is parallel
with respect to an appropriate metric connection.

Let us mention that H-type foliations admitting a parallel horizontal Clifford structure have
been classified in [17], and include in particular Sasakian, 3-Sasakian, negative 3-Sasakian
structures, H-type Carnot groups, and torus bundles over hyperkihler manifolds.

We introduce a decomposition of the tangent space T, ;)M along any minimizing g-
geodesic, such that the restriction of the horizontal Hessian of r. on these subspaces is
controlled by suitable curvature invariants, uniformly bounded as ¢ — 0, cf. Sect.3.1. An
important role is played by the natural Bott connection V of the foliation, and an associated
family of metric connections Ve , first introduced in [13, 18]. In this setting we obtain a
class of uniform comparison theorems for the Hessian of r., along the subspaces of the
aforementioned decomposition, cf. Theorems 3.3, 3.4, 3.5, 3.6, and 3.8. As a consequence
we obtain a uniform horizontal Laplacian comparison theorem for r, cf. Theorem 3.11, and
its corresponding sub-Riemannian limit, cf. Theorem 3.12.

In Sect.4 we study a more general class of structures, which are not necessarily foli-
ations, but still satisfy the H-type condition. In this greater generality we obtain a sharp
sub-Riemannian Bonnet—-Myers comparison theorem valid only in the limit ¢ — 0, cf. The-
orem 4.1. The latter, in particular, recovers and extends similar results obtained in the recent
literature, with an unified and simpler proof. We refer in particular to [2, Thm. 1.7], for
contact structures [6, Thm. 1] for quaternionic contact structures, [39, Cor. 9] for 3-Sasakian
structures, all of which are based on the intrinsic comparison theory developed in [8]. See
also [29, Sec. 3.3] for similar Bonnet—Myers type results for three-dimensional contact struc-
tures. Let us also note that from Corollary 2.21 in [17], a non-sharp Bonnet—-Myers theorem
on any H-type foliation may be obtained under weaker conditions (a positive lower bound
on the horizontal Ricci curvature) by using the Bochner’s method based on the theory of
generalized curvature dimension inequalities developed in [15].

In order to pass to the limit for ¢ — 0 in the aforementioned results, we prove the C*
convergence of d. — dp outside of the sub-Riemannian cut locus which, to our knowledge,
is new and of independent interest (cf. Proposition 2.8).
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2 Preliminaries: H-type sub-Riemannian manifolds
2.1 Hladky connection and canonical variation

We consider a general Riemannian structure g on M together with a vector bundle orthogonal
splitting TM = H @ V. The sub-bundles H and V are referred to as the set of horizontal and
vertical direction, respectively. In this setting there exists a canonical g-metric connection V
preserveing the splitting, the connection defined by Hladky in [27].

Proposition 2.1 [27] There exists a unique metric connection V on M such that:
e H andV are V-parallel, i.e. for every X € I'(H),Y € ['(TM), Z € T'(V),
VyX el'(H), VyZeT().

e The torsion T of V satisfies T(H,H) CV and T(V,V) C H.
e Forevery X,Y e '(H), V,Z € T'(V),

(T(X,Z2),Y)=(T(Y, Z), X), (T(Z,X),V)=(T(V,X), Z).
The canonical variation of the metric, introduced in [21, Ch. 9] in the context of submersions,
is the one-parameter family of Riemannian metrics defined by
1
8 =gu®ggv, &> 0, (2.1)

where g7; and gy denote the restriction of the Riemannian metric g to the horizontal and
vertical sub-bundle, respectively.

For any X € ['(TM), the symbol Ly denotes the Lie derivative in the direction of X.
We write Xy = nn(X) € I'(H) and Xy = wp(Y) € I'(V) for the horizontal and vertical
projections, respectively. We define the (2, 1) tensor A by the formula:

g(AxY,Z) = %(['ng)(YHa Zy) + %(Lxﬂg)(Yv, Zy).
The following properties hold:
ApY =0, AyH CH, AnH =0, AxV C V.
The Hladky connection can be expressed in terms of the Levi-Civita one V& by

1 (V5Y) X,Y e T(H),
(X, Y+ AxY XeTl(V), Yel(H),
(X, YD+ AxY Xel(H), Yel®V),
my(V5Y) X,Y eT (V).

VxY =

Finally, the torsion T of the Hladky connection V is given by

-y ([X, Y] X, Y eI'(h),
T(X,Y)=1AxY — AyX Xel'(H),Y el'(V),
—-mxr([X,Y]) X, YelW).

The above formulas show that the Hladky connection defined relative to g, in (2.1) will
coincide for all choices of ¢ > 0.

Definition 2.2 The complement V is called metric if A = 0.
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Let (M, g) be aRiemannian manifold, equipped with an orthogonal splitting TM = H®V .
If Vis integrable and metric, then (M, H, g) is a Riemannian foliation with bundle-like metric
and totally geodesic leaves, tangent to V. We simply refer to these structures as totally geodesic
foliations. In this foliation context, Hladky connection is referred to as the Bott connection
(see [17]).

2.2 The H-type and the J? conditions

We introduce a condition that will play a prominent role in the following. For any Z € TM,
let Jz : TM — TM be defined as

(JzX,Y)=(Z,T(X,Y)), VX,Y e TM. 2.2)

We remark that J is defined for any Riemannian manifold (M, g) equipped with an orthogonal
splitting TM = "H & V.

Remark 2.3 1f (M, g) is a totally geodesic foliation, it holds
Jr =0, JyV =0, JVH C H.
Definition 2.4 We say that the H-type condition is satisfied if
Ji=—Z|*1%, VYZeT().

Definition 2.5 [22, 26] We say that J? condition holds if for all Z, Z’ € T'(V), X € I'(H)
with (Z, Z') = 0 there exists Z” € I'(V) such that

JzJp X = Jz X.

We stress that Z” depends on Z, Z' but may also depend on X. This condition is true in
particular if the vector space generated by 14 and the Jz, for Z € I'(V) is a subalgebra.
We then recall the following definitions from [17].

Definition 2.6 [17] A totally geodesic foliation (M, H, g) for which the H-type condition
holds is called an H-type foliation. Moreover:

(1) If the torsion of the Bott connection is horizontally parallel, i.e. V4T = 0, then we
say that (M, H, g) is an H-type foliation with horizontally parallel torsion.
(ii) If the torsion of the Bott connection is completely parallel, i.e. VT = 0, then we say
that (M, H, g) is an H-type foliation with parallel torsion.
(iii) Let (M, H, g) be an H-type foliation with horizontally parallel torsion. We say that
(M, H, g) is an H-type foliation with a parallel horizontal Clifford structure if there
exists a constant k € R such that for every Z;, Z, € 'V

(Vz, Dz, = —k (Jz,Jz, + (Z1, Za)yin) - (2.3)

Several examples of manifolds satisfying the previous definitions are given in [17]. Since
H-type foliations with a parallel horizontal Clifford structure and satisfying J> condition
will play an important role in the next section, we point out some examples that satisfy these
assumptions in Table 1 and refer to [17] for further details on such spaces.
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Table 1 Some examples of H-type foliations with parallel horizontal Clifford structure and satisfying the J 2
condition

Complex type

Sasakian manifolds

Quaternionic type

3-Sasakian manifolds

Negative 3-Sasakian manifolds

Torus bundle over hyperkihler manifolds

Octonionic type

Octonionic Heisenberg Group

Octonionic Hopf Fibration §7 < sb5 - op!

Octonionic Anti de-Sitter Fibration S7 — AdS!3(0) — OH!

2.3 The sub-Riemannian limit

Let (M, g) be a Riemannian manifold equipped with an orthogonal splitting TM = H @ V,
and assume that H is bracket-generating. Let {g.}.~( be the canonical variation (2.1). The
Riemannian distance associated with g, will be denoted by d., while the sub-Riemannian
one, which depends only on the restriction g3; of g to H, is dp. In this section we discuss
how d. approximates dp as ¢ — 0 in full generality.

We always assume that (M, d;) is complete, and so the same necessarily holds for (M, d;)
for all ¢ > 0. The cut locus Cut,(x) of x € M, ¢ > 0 for the distance d is defined as the
complement of the set of points y € M such that there exists a unique length-minimizing
normal geodesic joining x and y, and its endpoints are not conjugate (see [5]). The global
cut locus of M is defined by

Cut,(M) = {(x,y) e M x M, y € Cut.(x)}.

Lemma 2.7 [5, 38] Let ¢ > 0. The following statements hold:

1. The set M\ Cut,(xg) is open and dense in M.
2. The function (x, y) + ds(x, y)? is smooth on M x M\ Cut, (M).

The main result of this section is the following proposition, establishing the C°°-
convergence of d. to dp outside of the cut locus. We will use this result to obtain the
sub-Riemannian limit of the uniform horizontal Laplacian comparison theorems. The proof
is included in “Appendix A” since it is rather long and the techniques we make use of will
not be reused in the sequel of this paper.

Proposition 2.8 Ler x, y € M with y ¢ Cuty(x). Then there exists an open neighbourhood
V of y and &' > O such that V N Cut.(x) = @ for all 0 < ¢ < &'. Furthermore, the map

(6,2) P> re(z) = de(x, 2)

is smooth for (¢,z) € [0,¢&") x V. In particular, we have uniform convergence ro — rg
together with their derivatives of arbitrary order on compact subsets of M \ Cutg(x).

Remark 2.9 For x € M, let ro(-) := dc(x, ), and let y ¢ Cuto(x). The C* convergence
established in Proposition 2.8 implies

lim VHI’E = VHI’(), lim Vyra = Vvl’o,
e—0 e—0
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outside of Cutg(x), where V4 and Vy, denote the projections on 7 and V of the Riemannian
gradient V8. Furthermore, since V& = V% + &V¢,, we have that for all ¢ > 0 and outside
of Cutg(x) it holds

L= V& relz = 1 Varell? + el Vyrel,

and thus lim ||Vyre|| = 1.
e—0

2.3.1 H-type structures are ideal

The H-type condition implies that the horizontal distribution H is fat (also said strong bracket-
generating), that is for any x € M and section X € I'(H) with X(x) # 0 it holds T,M =
H, ® [X, H],. It is well known that sub-Riemannian structures with a fat distribution are
ideal, that is do not admit non-trivial singular minimizing geodesics, see e.g. [35, 37]. A
well-known consequence of this fact is that the squared sub-Riemannian distance is locally
semi-concave outside of the diagonal, see [23]. In particular, the sub-Riemannian squared
distance from x is locally Lipschitz in charts on M \ {x}. It follows by standard arguments
(see e.g. [37]) that in this case Cuto(x) has zero measure for all x € M. We state this result
as a proposition.

Proposition 2.10 Any complete H-type sub-Riemannian structure is fat, and in particular the
set Cut,(x) has zero measure for all x € M and ¢ > 0.

We remark that, for all ¢ > 0, Cut.(x) can be characterized as the set of points where
dg(x, -) fails to be locally semi-convex [25], and the same characterization holds for Cutg(x),
provided that the sub-Riemannian structure is ideal [10]. This is the case, as we already
remarked, for H-type structures.

2.4 The comparison principle

Let V be the Hladky connection, which is g.-metric for all ¢ > 0. In “Appendix B” we show
how one can build an associated metric connection, with metric adjoint (see Lemma B.2).
Following the notation of [16], we denote such a connection by

V&Y =VxY +J5Y,  VX,Y e [(TM),

where J and J¢ are defined as in (2.2) relative to g and g, respectively. Its adjoint connection
(cf. “Appendix”), which is also g.-metric, is given by

VLY =VxY —T(X,Y)+ JEX,  VX,Y e T(TM).

Let R* be the curvature of V¢. The Jacobi equation for a vector field W along a g.-geodesic
y reads
VEVEW + RS (W, y)y = 0.

The following comparison principle will be repeatedly used in the following. It is proved in
“Appendix B”, in a slightly more general context (take D = V¥ there, so that D = V¥).

Theorem 2.11 (Comparison principle) Let (M, g) be a Riemannian manifold, together with
avector bundle orthogonal splitting TM = H@® V. Fixe > 0and let g be the corresponding
one-parameter family of Riemannian metrics as in (2.1). Choose x € M and y ¢ Cut.(x).
Lety : [0, r.] — M be the unique g.-geodesic, parametrized with unit speed, joining x with
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y. Forl € N, let Wy, ..., Wy be L-tuple of vector fields along y and g.-orthogonal to y such
that

4 r
Z/O (VEVEW; + RE (Wi, p)y . Wi), dr = 0. (2.4)
i=1

Then, at y = y(r¢), it holds

¢ N ¢ .
> “Hess™ (re) (Wi, Wi) < > (Wi(re). VEWi (o)), (2.5)

i=1 i=1

and the equality holds if and only if Wy, ..., Wy are Jacobi fields for the metric g..

Remark 2.12 If (M, H, g) is a totally geodesic foliation, W € I'(H) and u is sufficiently
regular, then one has

Hess" (u)(W, W) = (Vi V&u, W) = (Vi + J5)VEu, W),
= (VwVu, W) =: Hess(u)(W, W).

In particular, if the W; in Theorem 2.11 are assumed to be horizontal at y = y (r¢), then the
Hessian in (2.5) can be computed equivalently with respect to V.

The following Lemma contains some useful facts that will be used in computations.
Lemma 2.13 Let (M, H, g) be a totally geodesic foliation. Then for all ¢ > 0 it holds:
(ViJ)yZ=(VxDyZ+[J5. Jy]Z. VX, Y.Z e (TM).
If the torsion is horizontally parallel, then
(Ved),, =—(V5J), and (VzD)w=—(z))w., VZ, W eI (TM).
If the H-type condition holds, then for any X,Y € T'(TM), and Z € T'(V), we have

(JzY, (VxD)zY) = (JzY, (Vi J),¥) =0 (2.6)
T(JzX. X) = —| X2 2.7)
(VyT)(JzX, X) = -T((VyJ)zX, X). (2.8)

Proof The first identity follows from the definition @; Y = VxY + J;Y, and the properties
of J in the totally geodesic setting. The second identity is proved for V in [17, Lemma 2.6].
Then, thanks to the first identity it holds also for V¢, To prove (2.6), we stress that both V
and V¢ connections are metric and preserve the splitting H @ V. Therefore (2.6) can be easily
proved at any point p € M by assuming without loss of generality that Z and Y are parallel
with respect to V or VE. Identity (2.7) is trivial, and (2.8) follows by taking the covariant
derivative of (2.7). m]

In order to verify condition (2.4) of Theorem 2.11 it is useful highlight the role of the
curvature of the Hladky connection, writing explicitly the Jacobi operator. In the next lemma
we do it for the case of H-type foliations with horizontally parallel torsion.

Lemma 2.14 Let (M, H, g) be an H-type foliation with horizontally parallel torsion. Let W
be a vector field along a g.-geodesic y with e > 0. Let R¢ be the curvature of Ve and define
the Jacobi operator

Z(W) := VEVEW + R (W, )y (2.9)
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(a) Let R be the curvature of the Hladky (Bott) connection V and define
Ry(X,Y)Z = R(Xn, YH)Zx, Ry(X,Y)Z = R(Xy, Yy)Zy.
Then one has, for the Jacobi operator (2.9), the formula
Z(W) = VEVEW — JEVEW + Toew? = VoI Wi+ Jhw ¥ + Ru(W. 1)y

+ VST (W, 9) + (VyTYW, 7) + Ry(W. )7

(b) Assume that (M, H, g) admits a parallel horizontal Clifford structure as in Defini-
tion 2.6 (iii) with constant k. Let W be the g.-orthogonal projection of W on the
orthogonal complement of y. Then

ZW) = ViViW = S5 W o I 7+ ky Sy, + T ¥+ R (W 9)7
+ VET (W, 9)) + k(T Uy W, 9) + (W, yr)pv) + 2wl (W) L.
Proof Recall that Vf, W = @; W — T¢(y, W), hence the Jacobi operator reads
Z(W) = VE(VEW — TF(y, W) + R (W, )y (2.10)

The proof follows by explicit computation of the horizontal and vertical part of the above
equation. We just highlight some non-trivial fact that simplify the computation. First, using
the definition of V¢, we obtain the general formula

RE(W. X)X = ROW. X)X + (VwJ*)x X — (VxJVwX + Ji X + [Ty, J5IX.
Furthermore, by [17, Lemma 2.7], one has
RW, X)X =Ry(W, X)X+ Ry(W, X)X + (VxT)(W, X).

This allows to deal with the last term of (2.10). To deal with the first two terms of (2.10) we
use instead

TE(X,Y) =T(X, W)+ JgW — J5 X,

and that (Vy J)y = (VyJ)y =0 forall V € T'(V).

In the case of a parallel horizontal Clifford structure, recall that by [17, Thm. 3.6] the
leaves of the vertical foliation have constant (Bott) curvature equal to 2. Observe that, in
terms of torsion, the defining condition (2.3) reads

WwhHX,Y) =« (TUvX,Y)+(X,Y)V), VX,Y eT'(H), VeT'(V).

The proof is complete. O

3 Uniform comparison theorems for H-type foliations with parallel
horizontal Clifford structure

In this section (M, H, g) is an H-type foliation with parallel horizontal Clifford structure and

satisfying the J2 condition. Some of the results proved in this section hold under slightly
more general hypotheses; we refer to the statements for the exact required assumptions.
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Throughout the section, we will denote n = rank ¢ and m = rank V and make use of the
following notation for the comparison functions:

Vk cot kr ifk >0,
FRie(r, k) = % ifk=0,

Jl0klcoth /1k|r ifk <O,

and
Vi(sin vkr —/kr cos v/kr) .
2—2 cos vkr—/kr sin Vkr if k > 0,
Fsus(r, k) = % k=0,

VIk|(J/|k|r cosh y/|k|r—sinh \/|k|r) ifk <0
2—2cosh «/k[r++/Tk|r sinh /Tk[r :

3.1 The splitting

The following splitting which is independent from ¢ plays a crucial role for the analysis of
the index form. Fix a vector field Y € I'(TM) with Y3 # 0. Usually Y = y is the tangent
vector to a geodesic, in which case the definition that follows makes sense along y. We define
the splitting

H = Hsas(Y) & Hriem (Y) @ span{¥Yr}, (3.1

where each subspace is defined as

Hsas(Y) = {JzY | Z € V},
HRiem(Y) = {X €H | XL HSas(Y) 2 SPaH{YH}}-

Remark 3.1 If Y € TM \ V, one can check that dim Hg,s(Y) = m, and dim Hgjem (Y) =
n—m — 1, and the splitting depends only on the horizontal part of ¥ . If the J> condition holds,
for any non-zero Z € V, the non-degenerate and skew-symmetric operator Jz : H — H
preserves HRiem (Y), and hence m is odd and the dimension of HRjem is even.

The next proposition motivates the relevance and the naturalness of the splitting in relation
with the connection V¢. We say that the splitting (3.1) associated with a curve Y = y is V;-

parallel if each sub-bundle composing it is @f’ -parallel.

Proposition 3.2 Let (M, H, g) be an H-type foliation with parallel horizontal Clifford struc-
ture, satisfying the J* condition. Let y : [0, r,] = M be a gs-geodesic with y3; # 0. Then
the splitting (3.1) associated with y is orthogonal and VJ‘”; -parallel.

Proof The orthogonality of the horizontal splitting is immediate from the definition. Since
the connection is metric and V}ﬁ)} = 0, it is sufficient to prove that Hg,s(y) is parallel to

complete the result. First we observe that @f} Jy, ¥ = 0. Furthermore, for any @S-parallel
vector field Z(¢) with values in V and orthogonal to yy, we have

2 — ek

Vidzy = =——JyJz.

From the J2 condition, it follows that Hsas(y) has a basis of vector fields with covariant
derivatives in itself and is hence parallel. O
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Notation We introduce some notation that will be used in the forthcoming sections. For a
ge-geodesic y : [0, re] = M, joining x with y ¢ Cut,(x), one has y = V8, so that

Yy =yH + Yy = Vure + eVyr,.
If the geodesic has unit speed, one has ||y ()| = 1. Defining
h=|Vurel,  vi=[Vyrel,
one has that 4 and v are constant along the geodesic, and the following relations hold:
Iyl =02 IpvlE = e, R2+er’ =1

We recall that Hess denotes the Hessian with respect to the reference Bott connection V.

3.2 Comparison in the direction of the geodesic

The study of Hess(r.) in the direction of the geodesic joining x with y ¢ Cut.(x) is ele-
mentary, as a consequence of the eikonal equation ||V8¢r, ||, = 1. For the case of horizontal
projection, some care is necessary if one wants a result uniform with respect to ¢ > 0. We
give here a self-contained and somewhat sharper statement than the one in [16, Thm. 3.5 (1)].

Theorem 3.3 Let (M, H, g) a totally geodesic foliation. Then, at all points y ¢ Cut.(x) with
Vure(y) # 0, it holds

Vure  Vnre >< L= [ Varel)?

Hess(7, s
e) <||VH7’5|| I Vaerel

Te

Proof Let y : [0, r.] — M be the unique g.-geodesic, parametrized with unit speed, joining
x with y. Recall that y = Vyre 4+ eVyr.. Let

|2 . . .
Wo() = —yr. (1), where  pp 1= pu() — R’y (t), VYt e[0,rel.
&

Notice that Wo is ge- orthogonal to y by construction, and not horizontal. Furthermore
VS Wo = yH 1. Since V¥ is metric, one immediately deduces that for a general folia-
t10n

(VEVEWo + R (Wo, )7, W), =0,
so that condition (2.4) of Theorem 2.11 is verified. We obtain hence from the latter:

. 2 2 2
L h=(1 — h*)
Hess"" (re) (7,1, Y. 1) < ”J/Hr le _ . (3.2)

e Ie

Using respectively the eikonal equation || V8¢r.||. = 1, and the fact that V¢ has completely
skew-symmetric torsion (cf. Lemma B.3), one has

HessV )L L) = Hess" “re) Prs vr) = Hess(re) (7, y0)-

This fact, together with (3.2), completes the proof. To relate the Hessian in (3.2) with Bott’s
one observe that, for any g.-metric connection D, with torsion Tor it holds

Hess? u)(X,Y) = Hess® W) (Y, X) — (Vu, Tor(X, Y))e, VX,Y €TM. (3.3
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Since r, satisfies the eikonal equation || V&¢r.||. = 1, it holds
Hess” (r:)(X, Y + V¥7,) = Hess” (re) (X, Y),  VX,Y € TM.
Combining this with (3.3), we obtain
Hess? (ro) (X + V¥ ry, Y) = —(V&r,, Tor(V&%re, Y))e,  VX,Y € TM.
Set D = V. In this case Tor is completely skew-symmetric (cf. Lemma B.3), and hence
HessY" () (X + V& 7., Y 4+ V¥r.) = Hess" (r)(X.Y), VX,Y € TM.

If X =Y = Vyr,, the above Hessians can be computed equivalently with respect to V (cf.
Remark 2.12). The result follows. ]

In the next two sections we discuss Hessian comparison theorems in the remaining direc-
tions of the splitting introduced in Sect. 3.1.

3.3 Comparison of Riemannian type
Let x € M be fixed and y ¢ Cut.(x), so that r, = d.(x, -) is smooth in a neighbourhood of

y. In this case, provided that Viyr, # 0, we set for brevity
HRiem () := HRiem (Vre(¥)), Hsas () 1= Hsas(Vre(y)).

In this section we focus on the index form in the space Hriem. This will yield comparison
theorems of Riemannian type. Recall that, for an horizontal vector X, the condition X €
Hriem (Y) is equivalent to the condition X L Y and X L JzY forall Z € V.

Theorem 3.4 Let (M, H, g) be an H-type foliation with parallel horizontal Clifford structure,
satisfying the J* condition. Assume that there exists p € R such that

Sec(X AY) > p, VX,Y e H, with X € HRiem(Y).
Let y ¢ Cut.(x) with Vire(y) # 0. Let X € HRiem(y), with || X|| = 1. Then at y it holds
Hess(re)(X, X) < Friem (e, K), K = p||Vagrel* + I Vyre|®.

Provided that K > 0, it follows that
T

VoIVl + LI 9yre)?

re(y) <

Theorem 3.5 Ler (M, H, g) be an H-type foliation with parallel horizontal Clifford structure,
satisfying the J* condition. Assume that n — m — 1 > 0 and that there exists p € R such
that

n—m—1
> Sec(XAX))=(n—-m—1)p, VXeH,
i=1
where X1, ..., Xp—m—1 is an orthonormal frame for HRiem (X). Then, for all y ¢ Cut.(x)
with Vyre(y) # 0 it holds

n—m—1

D" Hess(re)(Xi, X;) < (n —m — D) Friem(re. K). K = p||Vare|* + I Vyre|*.

i=1
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where here X1, ..., Xy—m—1 is an orthonormal basis for HRiem (y). Provided that K > 0, it
follows that

T

JoIVarel? + L1 vyr)?

re(y) <

Proof of Theorems 3.4 and 3.5 For both theorems, fix ¢ > 0, x € M and y ¢ Cut.(x). Let
y : [0, re] — M be the unique g.-geodesic, parametrized with unit speed, joining x with y.
Observe that along y, we have the identity HRiem (V7e) = HRiem (V5¢7:) = HRiem (V).

Write i = ||Vyre| and v = ||Vyre||. By Lemma 2.14, the Jacobi equation for a vector
field W € Hgiem () reads

VEVEW — JEVEW + Ry(W, )y = 0.

Let X € Hriem(y) be a @E-parallel and unit vector field along y which is possible by
Proposition 3.2. Using the horizontally parallel torsion condition, we have identity (V; D)y =
0 (cf. Lemma 2.13). It follows that ¥ = ﬁJ);X € HRiem(y), is also a @S—parallel and unit
vector field along y, perpendicular to X. Furthermore one has

Jp X = evY, JpY = —evX.
Set hence

W) = f(OX(@) +g0Y (), Vvt el0,re],

for some functions f, g to be chosen later, and such that f(0) = f(r.) — 1 = g(0) =
g(r¢) = 0. If the horizontal curvature is constant and equal to p, the Jacobi equation would
be

f+gv+ fon® =0,
§— fu+gph®=0.
This system has explicit solution, for the given boundary conditions, provided that r, <

w/ VK (with the convention 1/ VK = +oo if K < 0). It can be most easily expressed in
terms of f(¢) +ig(t), and it is given by

=) sin(tv/K) , P
fO+igt)y=e" 2 ———-, K=ph"+ —,

sin(rev/K) 4

where the above expression is considered as an analytic function of K € R. We want to apply
Theorem 2.11 to W. Using Lemma 2.14, and the curvature lower bound, one has

(VEVEW + Re(W. p)i. W) = F(F + &v) + (& = fo) + Ru(W. 7. 7. W)
> f(f+gv+ foh®) + (& — fv+ gph?) =0.
We can hence apply Theorem 2.11 (cf. also Remark 2.12), obtaining
Hess(re) (X, X) < f(re) = FRiem (e, K).

We now prove Theorem 3.5. Choose a 4 -parallel frame X1, ..., X;—m—1 € HRiem(y)
along y, thanks to Proposition 3.2. Set ¥; = ﬁj);X,-, as in the proof above, and W; =
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fOXi(t)+g@)Yi@) foralli =1,...,n —m — 1. Choosing f and g as in the first part of
the proof, and using the Ricci-type curvature assumption, one has

n—m—1
S (VEVEWs+ RW, )7, W)= 0.
i=1

Hence we can apply Theorem 2.11 to the (n — m — 1)-tuple W;, obtaining the statement. O

3.4 Comparison of Sasakian type

If in this section we focus on Hs,s, in the general setting of H-type foliations with horizontally
parallel torsion. The J2 condition is not necessary. The first case is very particular, as it does
not require nor the J> condition nor the parallel horizontal Clifford structure assumption. If
m = 1, this case exhaust the whole set of Sasakian directions and we obtain an extension of
the results proved in [16].

Theorem 3.6 Let (M, H, g) be an H-type foliation with horizontally parallel torsion. Assume
that there exists p € R such that

Sec(X ANJzX)>p, VXeH,Ze).

Let y ¢ Cutg(x) with Vyre(y) # 0. Let Z € V be non-zero, with Z o« Vyre(y) (if
Vyre(y) = 0 the latter condition imposes no restriction on Z), and set

JzVre
AR
Then at y it holds
Hess(re)(X, X) < Fsas(re. K), K = p||[Vagre|> + [ Vyre 1%,
Provided that K > 0, it follows that
21

VolVare |2 + [[Vyre |2

re(y) <

Proof Fix ¢ > 0. Let y : [0,r.] — M be the unique g.-geodesic, parametrized with unit
speed, joining x with y. Observe that HRiem (Vre) = HRiem (V8 re) = HRiem (V)-

Let Z e I'(V) be a @S-parallel vector field along y and normalized in such a way that
IJzy |l = 1. Set hence

W) =a(t)Jzy +b(t)Z, vt € [0, rel,

for some functions a, b to be chosen later, with a(0) = b(0) = Oand a(r;) — 1 = b(re) = 0,
and where we have set

Zy =Z—(Z,y)evy,

in such a way that W is g.-orthogonal to y. If v = ||Vyre|| > 0, we choose Z = ﬁyy

If v = 0, we can choose any Ve -parallel and vertical Z, normalized in such a way that
I7zy |l = 1. In both cases, by Lemma 2.14, one has

~ ~ 1 . .
VEVEW + R* (W, y)y = s (de + b —a+aev?) Jzy +aRu(Jzy, P)y + (b — ) Z,.
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In the case of constant sectional curvature equal to p, W (¢) is a Jacobi field if and only if

Ge+b—a+asK =0,
b—a=0.
where K = ph? +v2. Assume first that K # 0. The general solution is found via elementary
methods, and it is

a(t) = Cy cos(¥VKt) + Casin(v/Kt) + C3,

sin(vK1) Lc 1 — cos(VK1)
JK UK

where the above expressions are considered as analytic functions of K. The constants
Ci, C2, C3, Cy4 are uniquely determined by the boundary conditions a(0) = b(0) =
a(re) — 1 = b(rg) = 0, provided that r; < 27 //K (with the convention 1//K = +oo if
K <0).

Using Lemma 2.14, the curvature lower bound, and the fact that a(¢), b(t) solve the Jacobi
equation in the constant curvature case, one obtains

b(t) =C + C3(1 — Ke)t + Cy,

(VEVEW + R(W, 7). W), > 0.
We can hence apply Theorem 2.11 (cf. also Remark 2.12), obtaining

VK (sin(revVK) — (1 — eK)re/K cos(rev/K))

2 —2c0s(revV/K) — (1 — eK)re /K sin(rev/K)
An important observation is that the derivative with respect to the parameter ¢ (and fixed

value of r¢) of the r.h.s. of (3.4) is always negative. Henceforth we can upper bound it with

its value at ¢ = 0, yielding the Sasakian function Fgas(rs, K).
This concludes the proof for K # 0. The case K = 0 is obtained similarly. O

Hess(ro)(Jzy, Jzy) < (34

Remark 3.7 We can read the previous result as a bound for || Vyr¢||. Provided that p > 0, we
get for all y ¢ Cut.(x) and with Vi re(y) # 0.

re|Vyrell < 27

Taking the limit for ¢ — 0 (and using Proposition 2.8), this yields a cotangent injectivity
radius bound for the sub-Riemannian exponential map, which is sharply attained in the case
of the Heisenberg groups.

Theorem 3.8 Ler (M, H, g) be an H-type foliation with parallel horizontal Clifford structure,
and satisfying the J* condition. Let * be the curvature of the vertical leaves. Assume that
there exists p € R such that

Sec(X A JzX) > p, VX eH, ZeV.

Let y ¢ Cutg(x), with Vyre(y) # 0. Let Z € V be non-zero with Z 1 Vyrg(y). Set

_ JzVyre
IZIIVrerell”

Then, at y, it holds

Hess(re)(X, X) < Fsus(re, K2),

@ Springer



Comparison theorems on H-type sub-Riemannian manifolds Page 17 of 39

143

where
Ky = pl|Vaerell* + 2 = k&) (ke — D|[Vyre|*.
Provided that K> > 0, it follows that
2
VolVarel? + 2 — ke) ke — D[[Vyr[?

re(y) <

Proof Fix ¢ > 0. Let y : [0, r.] — M be the unique g.-geodesic, parametrized with unit

speed, joining x with y.

LetZ e'(V)bea Ve -parallel vector field along y, with Z L yy, with || Z]| = 1. Assume

first that v = ||Vyr.|| # 0 along y. Consider the tuple of g-orthonormal vectors

T, JyJzy)

_Jzy _ Jylzy
a h%ev

Y = , Z, Vv

X ,
h hev

Set therefore
W) =a®)X +c)Y +b(t)Z+d@)V, Vtel0,r].
The parallel horizontal Clifford structure yields (cf. Lemma 2.13)
VEX = (2 —ke)Y, Jy X = evY,
VEY = —(2 — ke)vX, J;Y = —evX,
VEZ = ViV =0.
Notice also that
T(y,X)=hZ, T(y,Y)=nhV.
In the case of constant curvature equal to p, W(z) is a Jacobi field if and only if
i+ v(2ke —3)¢ + 2(b — ha) + [ph* + (2 — k&) (ke — Dv*]a — khvd = 0,
¢ —v@2ke —3)a+ 2(d — he) + [ph? + (2 — ke) (ke — Dv?] ¢ + khvb = 0,
b — ha + ksvhe + k2e*v?b = 0,
d — hé — kevha + K*e*v’d = 0.
Set from now

K> = ph> 4+ (2 — ke) (ke — Do

(3.5)

We will drop the explicit dependence on ¢ in the following of the proof. In terms of the
complex variables 0(t) = a(t) +ic(t) and ¢ (t) = b(t) + id(t), the above system reads

G —iv(2ke —3)0 + — (¢ — h0) + KO + ixhvg = 0,
1

¢ — hb — ikevho + K2e2v%¢p = 0.

(3.6)
(3.7)

We consider the simplified version of the system (3.6)—(3.7) obtained by suppressing all the

terms with purely imaginary coefficients:

0+ —(¢p —ho) + KO =0,
&
é—ho =0.

(3.8)
(3.9)
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In this case, provided we can find a solution, we observe that
(VEVEW + RE(W, )7, W)e = 2chuIm(09) + ex’v’§, (3.10)

where Im denotes the imaginary part. Since the system (3.8)—(3.9) has real coefficients, a
solution respecting the boundary conditions 8(0) = ¢(0) = 0(r¢) — 1 = ¢ (r;) = O is real.
Hence, the r.h.s. of (3.10) is non-negative, and thus condition (2.4) is satisfied. The simplified
system has the same form of the one for the case Z o yy, with minor differences, and can
be solved with the same computation as in the proof of Theorem 3.6. We obtain

i3 127 | /) 1 K0/ )
b b )7 2= 2c0s (rev/K) = (1 = 55 )re /K sin (reV/K)

=< FSas(r& K2)7

Hess(rg) (

where we used the monotonicity with respect to ¢ (cf. proof of Theorem 3.6).

The case left out, that is v = || Vyre|| = 0 is simpler. In this case proceeds exactly in the
same way, by formally setting c¢(¢#) = d(¢) = 0in (3.5) and all the subsequent computations.
We omit the details. ]

Remark 3.9 This remark is the vertical counterpart of Remark 2.12. If (M, H, g) is a totally
geodesic foliation, W € I'(V) and u is sufficiently regular, then

Hess" () (W, W) = (V5 V8 u, W), = ((Vw + Jiy) VEu, W),
= (VwVu, W) = Hess(u)(W, W).
If in Theorem 3.6 we instead solve the system with initial conditions a(r;) = b(r;) — 1 =0

we can use the above to recover a bound on the Hessian in vertical directions parallel to the
geodesic, specifically for

Z xVyrg, |IZ] = Vool
e

it holds that at y ¢ Cut,(x),

12
Hess(r:)(Z, Z) < -
r

&

Similarly, if in the Theorem 3.8 we instead solve the system with initial conditions 6 (r;) =
¢ (r:) —1 = 0 we can recover a bound on the Hessian in vertical directions perpendicular to
the geodesic, specifically for

Z L Vyre(y), NZII = Vrrell
it holds that at y ¢ Cut.(x),
1
Hess(r:)(Z, Z) < -
ré‘
3.5 Sub-Riemannian diameter bounds

We will summarize the results of Sects. 3.3 and 3.4 relating curvature and diameter into one
statement. We introduce the following terminology. Recall that { and V have respective
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ranks n and m. Define a symmetric two-tensor Ricy such that if R is the curvature of the
Bott connection V then

Ricy (X, X) = Z(R(Wi, X)X, W;),

i=1

forany X € TM with Wy, ..., W, being a g-orthonormal basis of 7{. Decompose this tensor
as Ricyy = Ricrijem + Ricgys, where for any X € TM\V,
m
Ricgas(X, X) = ! D (RUz X, en Xy X, Jz,X)
as ’ — T _ i ’ ’ i )
‘ lere X112
where Z1, ..., Z,, is a g-orthonormal basis of ). In other words, Ricgjem and Ricgy represent

the parts of the horizontal Ricci curvature Ricy (X, X) obtained by tracing over HRijem (X)
and Hgas(X), respectively. We note that for m = 1, in the context of Sasakian manifolds,
Ricgys coincides with the pseudo-Hermitian sectional curvature introduced and studied in
[12].

Theorem 3.10 Assume that (M, g) is complete. Write diamg (M) for the diameter with respect

to the sub-Riemannian distance. Let p > 0 be a positive number.

(a) Assume that (M, H, g) is an H-type foliation with parallel horizontal Clifford structure,
satisfying the J* condition. Assume n —m — 1 > 0 and that for any X € 'H, we have

Ricgiem (X, X) = (n —m — Dp|| X[,
Then M is compact, with finite fundamental group and

diamo(M) < ——.

Jp

(b) Assume that (M, 'H, g) is an H-type foliation with horizontally parallel torsion. Assume
that for any unit X € H and unit Z € V, we have

Sec(X A JzX) > p.

Then M is compact, with finite fundamental group and
2
diamog(M) < —.
NG

(c) Assume that (M, H, g) is an H-type foliation with parallel horizontal Clifford structure,
and satisfying the J* condition. Assume that for any X € 'H, we have

Ricsss(X, X) = mp|| X|1*.
Assume also that at least one of the following conditions are satisfied

(i) For any unit X € H and unit Z € V, we have Sec(X A JzX) > 0,
(i) n —m — 1 > 0and for any X € H, Ricriem(X) > 0.

Then M is compact, with finite fundamental group and

273
diamo (M) < V3

NG
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We point out that points (a) and (b) are sharp, as the upper diameter bound is attained for the
case of the standard sub-Riemannian structure on the complex, quaternionic or octonionic
Hopf fibrations (see e.g. [14, 19, 20], respectively).

Proof For the proof, we will go to the universal cover M of M and prove that this is of
bounded diameter. The result of (a) and (b) follows by taking the limit ¢ — 0 of respectively
Theorems 3.5 and 3.6. For the result in (c), pick any pair of points x, y € M which are not
in Cuto(M) and satisfy

27rﬁ
do(x,y) > .

NG

, and the statement holds. If such points (x, y)

274/2
NG
exist, write r¢(-) = dg(x, -). We note by Proposition 2.8 we have that for some ¢” > 0, we

will also have (x, y) ¢ Cut,(M) and r,(y) > zf/})ﬁ for any 0 < ¢ < &”. We must also have
2

IVyroll(y) > 0 in this case, as Theorem 3.8 would otherwise imply that ro(y) < N If

If no such points exist, then diamg (M) <

IVyroll(y) > 0, then either (i) or (ii) implies as ¢ — 0

roVyroll(y) = 27,

by respectively Theorem 3.5 and Theorem 3.6. In particular,

8 2
p=2IVwnlP M =p———5>p—p=0.
ro(y)
Hence, it follows from Theorem 3.8 that
() < 2
r .
0l = o — 872
ro(y)?

Solving this inequality yields rg (y)p < 1272, and the resulting diameter bound follows. 0O

3.6 Sub-Laplacian comparison theorems

Let (M, H, g) be a totally geodesic foliation. The sub-Laplacian A4 is defined as the second
order differential operator associated with the Dirichlet form

E(u, v) :/ (Vru, Viv)dpg, — u,v e CZ(M),
M

where djig denotes the Riemannian measure. Since H is completely non-holonomic, the
horizontal Laplacian is hypoelliptic [28], and if the sub-Riemannian metric is complete then
A1y is essentially self-adjoint on the space of smooth and compactly supported functions, as
proven in [41].

One can check that, for a totally geodesic foliation, the sub-Laplacian coincides with the
horizontal trace of the Hessian with respect to the Bott connection:

n

Ay =Y " Hess(u)(Xi., X;).

i=1
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For structures (not necessarily foliations) respecting the H-type condition, one can check
that the Riemannian measure (i, is proportional to the intrinsic Popp’s measure of the sub-
Riemannian structure, and thus A4, coincides with the intrinsic sub-Laplacian defined with
respect to Popp’s measure, cf. [7].
For any Y € I'(H) recall the orthogonal decomposition of the horizontal bundle (cf.
Sect.3.1)
H = Hsas(Y) @® Hriem (Y) ® span{Y}.

Hence, the horizontal trace of the Hessian can be decomposed, for any fixed Y, as the
partial trace on each of the above components. In particular, outside of Cut, (x), and letting
Y = Vyre, we have

m n—m—1
Apre = Hess(re) (Y. Y) + > Hess(re)(Jz, Y. Jz,Y) + Y Hess(re)(Xi. X;). (3.11)
a=1 i=1
where X1, ..., X,—mn—1 is an orthonormal frame for HRiem (Y), and Z1, ..., Z,, is a suitably

normalized orthogonal frame for I"(V).
Therefore, one can easily obtain an uniform sub-Laplacian comparison theorem for A7,
by applying separately Theorems 3.3, 3.5, 3.6 and 3.8 to each term in (3.11).

Theorem 3.11 Let (M, 'H, g) be an H-type foliation with parallel horizontal Clifford struc-
ture, satisfying the J* condition. Let k? be the curvature of the vertical leaves. Assume that
there exists p € R such that

Sec(X AY) > p, VX,Y € H.

Fix ¢ > 0. Then, for all y ¢ Cut.(x) with Vyre(y) # 0, it holds

L= [[Vaere||?
Apre(y) < ri + (n —m — 1) FRiem (r¢, K)
&
+Fsus (e, K1) + (m — 1) Fsas(re, K2), (3.12)

where

K = plVarell* + $1IVyre %,
Ky = plIVarell* + I Vyre %,
K> = pl|Varell> + 2 — k&) (ke — )| Vyre |2

As an immediate consequence we have the following sub-Riemannian comparison the-
orem. We stress that the assumptions and the conclusion of the statement depend only on
the restriction of g to H, that is on the induced sub-Riemannian structure. In particular the
curvature of the leaves « plays no role.

Theorem 3.12 Let (M, 'H, g) be an H-type foliation with parallel horizontal Clifford struc-
ture, satisfying the J* condition. Assume that there exists p € R such that

Sec(X AY)>p, VX,YeH.
Then for all y ¢ Cuto(x) it holds

Aqgro(y) < (n —m — 1) Friem (ro, K) + Fsas(ro, K1) + (m — 1) Fsas(ro, K2),
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where
K =p+ 3IVyrol?,
Ky =p+ [ Vyrol?,
Ky = p —2|Vyro|.

Proof By Proposition 2.8, on M \ Cuty(x) it holds in particular

lim Vyre = Vyro, lim Vyr, = Vyry, lim Aynre = Anro,

e—0 e—>0 £—0
Since on M \ Cutg(x) it also holds ||Vxroll = 1, we can take the limit in Theorem 3.11,
which yields the statement. O

We note that the comparison function on the right hand side of (3.12) can be bounded from
above by a function depending on ry only. Indeed, in the previous theorem, for simplicity
assume that p = 0. Then,

1 2 1
FRriem (ro, K) = Friem (r0. 1 Vvroll”) < o
2 4
Fsas(ro, K1) = Fsas(ro, [Vyroll”) < o’
and from Remark 3.7
5 472 c
Fsas(ro, K2) = Fsas(ro, =2 Vyroll?) < Fsas | ro, 7 < o’
0

where C > 0 is an explicit constant whose value is given by
c th(r) + ——— 4
=x (coth(m) + ——— | > 4.

7 coth(m) — 1

As a consequence, one obtains the following corollary (which is only sharp when m = 1).

Corollary 3.13 Ler (M, H, g) be an H-type foliation with parallel horizontal Clifford struc-
ture, satisfying the J* condition, and with non-negative horizontal Bott curvature. Then,
there exists a constant C > 4 such that, outside of Cuty(x), it holds

n—m+34+C(im—1)
o ’

Apro <

3.7 Removing the J? condition

Here we study a class of structures where the J? condition does not necessarily hold. In
particular, for H-type foliations with completely parallel torsion and non-negative horizontal
sectional curvature, we achieve the sharp sub-Laplacian comparison result:
Aprg < w, (3.13)
o

outside of the cut locus. The proofs are mostly minor modifications of the ones seen in the
previous sections.

Such comparison theorem applies in the case of H-type groups. We remark that the estimate
(3.13) is equivalent to the measure contraction property MCP(0, N) forall N > n+3m — 1
of H-type Carnot groups, proven in [9].
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3.7.1 Afiner splitting

Fix anon-zero Y € TM (usually Y = y is the tangent vector to a geodesic, in which case the
definition that follow make sense along y). If the J2 condition does not hold, the splitting
introduced in Sect. 3.1 is no longer V®-parallel. We introduce thus a finer splitting. Let first

V= Vthpe(Y) @ Vsas(Y), (3-14)
where each subspace is defined as
Vsas(Y) ={Z € V | JyJzY C Ju(Y) @ span{¥n}},
Viagpe Y) ={Z € V | JyJzY L Jy(Y) @ span{Yy}, and Jy JzY # O}.
Likewise, one has a splitting of the horizontal space
H= Hthpe(Y) @ Hsas(Y) @ Hriem(Y) @ span{Yx}, (3.15)
where each subspace is defined as
HSas(Y) = {JZY | Z e VSas(Y)}’
Huwype (Y) ={JzY, JyJzY | Z € Viype(Y)},
Hriem(Y) ={X € H | X L Hsas(Y) ® Hutype (Y) @ span{¥y¢}}.

Remark 3.14 If the J? condition holds then Hutype (Y) = VHiype(Y) = @, and Hsys(Y) =
Jy(Y). Thus (3.14) is trivial and (3.15) reduces to the one introduced in Sect.3.1.

Remark 3.15 When the J2 condition does not hold, the dimensions of each subspace may
depend on Y. We remark that Jy preserves Hugype(Y), Hsas(Y) @ span{Y7¢}, and thus
HRiem (Y). It follows that for some p, ¢, £ > 0 it holds

dim Hugype (Y) =2p,  dimHsa(Y) =2g + 1, dim Hgjem(¥) = 2¢,
and thusn =2(p + g + £ + 1). Here p, g, £ might depend on Y.
The next statement is a generalization of Proposition 3.2.

Proposition 3.16 Let (M, H, g) be an H-type foliation with parallel horizontal Clifford struc-
ture. Let y : [0, ro] — M be a non-trivial g.-geodesic. The splitting (3.14)—(3.15) associated
with y is orthogonal and Vf/ -parallel. Hence, each subspace has constant dimension along

Y.

Proof The case in which y € H is trivial. So we suppose yy # 0 and, without loss of
generality, that ||y || = 1. For simplicity in this proof we set Vsas = Vsas(y) and similarly
for the other subspaces.

We first show that the splitting is orthogonal. The map Z + J; Jzy is injective, so
dim Vhype + dim Vsys = dim V. Furthermore, if Z € Vs,s and W € Vyype We have

(W, Z)=(JyJzy, JyJwy) =0,

hence Vhiype L Vsas. The orthogonality of the horizontal splitting follows by definition.

We prove that the splitting is @; -parallel (simply “parallel”, in the following). Using the
parallel horizontal Clifford structure and the H-type assumptions, we have

. 2
(Vid), = (Vphz + U5, Jz] = (E —K) (Jydz + (¥, Z)1n) .
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In particular (@8- J)y =0.Let W be @;ﬁ -parallel. Let also & denote a generic vertical vector
field along the geodesic, which we may assume to be parallel as well. Using the above
relation, we have

d d
—(Jy Jwy, Jey) =0, —(Jy Jwy,v) =0.
dt< yIwy féV) dt< yJIwy 12,

In particular, if W € VHuype at the initial time, it will remain in Viyype for all times. This
&

proves that Vyyype is parallel. Since @y

that Vg, is parallel as well.

Consider one of the generators of Hsas, that is Jzy, with Z € Vs,s. We can assume the
latter to be V¢ -parallel, by the previous step of the proof. If Z is proportional to yy, then
%; Jzy = 0. On the other hand, if Z is orthogonal to yy,, we have

is metric and preserves the vertical space, it follows

P 2 . 2 . . .
V),Jzy: g—/c JyJzy = g—/c (J;Sasy—l—Jngypey—l—ayH),

for some &xype € VHtypes Esas € Vsas» and o € R. The last equality follows from the definition
of Hsas. We easily deduce that @ = 0 and &ygype = 0. Therefore Hsys is parallel.

Similarly, if Jwy and J; Jwy are generators of Huype, for W € Vhiype, and recalling
that W L y in this case, we have

Vg = (2 =) Jydwy

yWy_ e K yW%
Gty awy = (2 =) P2awi = (2 =) dwy
plidwy =\ - =« | Jydwy == (- —« ) Jwy.

It follows that Hyyype is parallel. Since Ve is metric, and preserves H, then also HRjem must
be parallel. O

3.7.2 Hessian comparison theorems

We state here versions of the comparison theorems without the J2 condition. For the case
of Riemannian directions there is mostly no difference with respect to Theorem 3.4. The
assumption is somewhat more involved, due to the fact that now the spaces in the splitting
depend also on the vertical component of the vector field Y determining it. If x € M is fixed
and y ¢ Cut.(x), so that r; = d¢(x, -) is smooth in a neighbourhood of y, we adopt the
shorthand

HRiem (¥) := HRiem (V7:(y)), VRiem (¥) := VRiem (V7 (),

and similarly for all other subspaces.

Theorem 3.17 Let (M, 'H, g) be an H-type foliation with parallel horizontal Clifford struc-
ture. Assume that there exists p € R such that

Sec(X AYn)>p, VY eTM, X € Hgiem(Y).
Let y ¢ Cut.(x) with Viyre(y) # 0. Let X € HRiem(y), with || X|| = 1. Then at y it holds

Hess(re)(X, X) < Friem(re, K), K = p|[Vare|* + LI Vyre %
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Provided that K > 0, it follows that
bid

VoIVl + L1 9yre )2

re(y) <

Proof The proof is analogous to the one of Theorem 3.4. The only ingredient was Proposition
3.2, which is now replaced by the more general Proposition 3.16 when the J2 condition does
not hold. O

For the special horizontal vectors JzVyr. with Z o« Vyr., which indeed belongs to
Hsas(Vre), Theorem 3.6 holds unchanged.

Consider then the remaining Sasakian directions X = JzVr.forZ € Vszs,and Z L Vyre.
We remind that these directions appear in pairs Jz Vre, Jv,,r, JzVre, which are both of the
form J/ Vr, for some Z' depending on Vre. In this part of the space, it is as the J2 condition
was verified, and we have the following result.

Theorem 3.18 Let (M, H, g) be an H-type foliation with parallel horizontal Clifford struc-
ture. Let k2 be the curvature of the vertical leaves. Assume that there exists p € R such
that

Sec(X A JzX) > p, VX eH, ZeV.

Let y ¢ Cut(x), with Vre(y) # 0. Let Z € Vsu5(y) be non-zero with Z 1 Vyre(y). Set
JzVyre
IZIIVrerell”

Then, at y, it holds
Hess(re) (X, X) < Fsas(re, K2).
where
Ky = plVarell® + 2 — k&) (ke — D[ Vyre .

If, furthermore, p = k = 0, one has the sharper bound

vrg) n 1- c0§(vrs) < 4 .
vre — sin(vrg) e

v
Hess(r.)(X, X) < > cot( >

Proof Lety : [0, r.] — M be the g.-geodesic between x and y. Assume first that || Vyre || >
0. In this case the condition Z € Vsus(y) with Z L yp implies that V = T(y, J;Jzy)
is a non-zero vector in Vs,s(y) and V' L yp. In particular one can choose a v -parallel
Z € Vsys(y) suchthat JzY, JyJzY, Z and V are independent along y . The proof of the first
part of the theorem is thus identical to the one of Theorem 3.8. If instead Vyr.(y) = @ then
we again proceed as in the analogous particular case in the proof of Theorem 3.8, for which
the introduction of V is not necessary.

If p = k = 0, then we can explicitly solve the exact system (3.6)—(3.7) in the proof of
Theorem 3.8 instead of looking for a simplified system as in the previous case. This yields
the result upon application of Theorem 2.11. We omit the details. O

For H-type directions we have a new statement. It it stated only for completely parallel
torsion and non-negative curvature in the relevant sections. We notice that if Yy, = 0, then
Hutype (Y) = Vhiype(Y) = 0. Therefore in the next theorem we must assume Vyre(y) # 0
to exclude a vacuous statement.
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Theorem 3.19 Let (M, H, g) be an H-type foliation with completely parallel torsion. Assume
that

Sec(X AYyr) >0 VY eTM, X € Huype().
Let y ¢ Cutg(x), with Vire(y) # 0 and Vyre(y) # 0. For a non-zero Z € Viype(y), let

_ JzVyre Iy JzVnre
IZIVrrell’ IVyre I ZIVarell’

Then at y it holds

sin (%=
LO pp S (F)
2 sin(vrg) — vre
sin (=
Hess(r:)(Y, Y) < %cot (%) v sin(%)

Hess(re)(X, X) < %cot (
2 sin(vre) — vre
where v = ||Vyr. (V). In particular, one always has

Hess(r.)(X, X) + Hess(r)(Y,Y) < rj

&

Proof Let y : [0,r.] — M be the g¢-geodesic between x and y. Let Z € Hpyype(y)

be ﬁe—parallel, and [|Z|| = 1. The condition Z € Vyiype(y) implies that Z L y and
T(y, JyJzy) = 0. Taking this into account, the proof is then similar to the one of Theorem
3.8: we consider the g-orthonormal vector fields

_ Jzy Y — JyJzy

X ,
h hev

We look for a solution of the Jacobi equation in the constant curvature case, of the form
Wit)=a®)X +c(t)Y +b(t)Z, vVt € [0, re],

such that W(0) = 0 and W (r,) = X (for the first part of the statement) or W(r,) = Y (for
the second part of the statement). The computations are identical to the one in the proof of
Theorem 3.8, formally setting d = 0 (and, of course, k = p = 0). We obtain

i —3vé+ (b — ha) —v’a =0,

&+3a+2(d—he) —vie =0,

b—ha=0.

The system is easily solved, for both cases of boundary conditions, and provided that r, is
sufficiently small. Applying Theorem 2.11, we obtain

2

LZ)} LZ?) < Ecot(vr‘s) —2v sin (%)
h h S 2 sin(vrg) — (1 + 22’2’2) vre
{ cor (22) - 20 (2)

-2 2 sin(vrg) — vrg

Hess(r,) <

A
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in the first case. In the second case, we get

Jydzy JpJzy sin (¥e
Hess(r8)<yzy,ﬂ>§ﬂcm<&>_3 (%)
hev hev 2 2 2 Sin(er) _ (1 + 22%) VFe
in (Ye
< Lot (1) - v_sin(3)
2 2 2 sin(vrg) — vre
Both results imply that r,v < 27, for all ¢ > 0. O

3.7.3 Sub-Laplacian comparison theorems

Combining the results of the previous subsections and arguing as before one eventually
obtains the following sub-Laplacian comparison theorem which is sharp on H-type groups.

Theorem 3.20 Let (M, H, g) be an H-type foliation with completely parallel torsion. Assume
that

Sec(XAY)>0 VX, YeH.
For y ¢ Cut.(x), with Vyre(y) # 0 it holds

n+3m — | Vare|?

Apre(y) <
I'e
Thus, for all y ¢ Cutg(x) it holds
n+3m—1
AHVO(y) < —-
ro

4 A sharp sub-Riemannian Bonnet-Myers theorem for general H-type
sub-Riemannian manifolds

In this section we prove a sharp Bonnet—Myers type theorem for structures which are not
necessarily foliations. This result is quite general, but it holds only in the sub-Riemannian
limit (and not, as in the previous section, uniformly for all € > 0).

Consider a general Riemannian manifold (M, g) together with a vector bundle orthogonal
splitting TM = H @ V. The vertical bundle V is not required to be integrable nor metric. The
Hladky connection is well defined, and Theorem B.8 holds, with D = Ve, given explicitly
by

V&Y = VxY +J5Y, VXY € [(TM).

where J¢ is the operator defined as in Sect. 2, with respect to the metric g.. For a g.-geodesic
y 1[0, re] — M, consider the n — m — 1-vector subspace of H along y given by

Lijy)=span{X e H| X L Jyy, X Ly}

The idea is that the index form behaves on this space as in the Riemannian case, up to
corrections of order & (which are negligible in the limit). Notice that £;(y) is defined as
Hriem (y) of Sect.3.1, but since the setting is more general we prefer to adopt a different
notation, to avoid confusion.

We assume that the following conditions are satisfied.
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(i) the H-type condition: J2 = —||Z||*14 for all Z € T'(V);
(i) the JZ condition, in the sense of [22, 26]: for all Z, Z’ € T'(V), X € I'(H), with
(Z, Z'") = 0 there exists Z” € I'(V) such that

JzJz X =Jzn X.
(iii) forall Y € I'(H) and Z € I'(V), we have

n—m—1
((Vx; D)z Xi, Y) =0,
i=1

where X1, ..., X,_m—1 is an orthonormal frame for £;(Y).

Theorem 4.1 Let (M, H, g) be a complete sub-Riemannian structure with corank m and rank
n > m + 1, satisfying assumptions (i)—(ii)—(iii). Assume that there exists p > 0 such that,
for all unit X € H it holds

m
Ricy, (X, X) = > " RY(X, Jz,X, Jz,X., X)
a=1
m m
=2 1% Dz XIP = Y ((Vx D2, X I2,X)? | = (e =m—Dp. (@41
a=1 B=1

where Zy, ..., Zy €V is any orthonormal frame. Then M is compact with sub-Riemannian
diameter not greater than w /./p, and the fundamental group is finite.

Remark 4.2 Assumptions (i)—(ii)—(iii) are verified for any contact and quaternionic contact
structures sub-Riemannian structures, as in [2] and [6], respectively. We refer to these ref-
erence for more precise definitions. We only mention that the verification of (i) and (ii) are
trivial. Furthermore, in the contact case, (iii) follows from [2, Lemma 6.8, (i) and (e)]). In
the quaternionic contact case, condition (iii) can be checked using equivalently the Biquard
connection V, since it holds VxY = VyxV forall X, Y e I'(H). Therefore, (iii) holds by
definition of Biquard connection [30, Thm. 4.2.4 (v)]. Theorem 4.1 thus includes the contact
Bonnet—Myers theorem [2, Thm. 1.7], and the quaternionic contact one of [6].

Before proving Theorem 4.1 we need two lemmas. We recall that the operator Jz is defined
as in Sect. 2, with respect to the Riemannian metric g and the splitting TM = H & V. We
denote by J¢ the analogous operator associated with the metric g;.
Lemma 4.3 Under the H-type condition, the following homogeneity properties hold:
1
Ji=¢ely Jp= gfv-
Furthermore we have
JJyHSVY JyHCH, JyV=0.
In particular; as € — 0, the only element that does not vanish uniformly is J),H, exactly as

in the case of a totally geodesic foliation

Proof The H-type condition implies Jy)V = 0, which is equivalentto (L1 g)(V, V) = 0. This
condition is the analogous of the bundle-like metric condition for foliations, even though we
are not assuming that the vertical bundle is a foliation. The proof now follows by unravelling
the definitions of J¢ and g,. O
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Lemma4.4 Lety : [0,r.] — M be a g.-geodesic. Assume n — m — 1 > 0. There exists a
moving frame X ..., Xy_m—1 of H along y with the following properties:

(a) Itis a ge-orthonormal frame;
(b) It is a frame for £5(y);
(¢) It is almost Vé-parallel, that is the projection of Vf} X on £5(y) is zero.

The frame is unique up to a constant orthogonal transformation, and it is a solution of

R 1 m R ) . m R
Vii=—r Y X VEUz )z, v = D (Xi, Vi Za) Za, 4.2)
YH a=l1 a=1
where Z1, ..., Zy, is any g-orthonormal moving frame of V along y.
Proof For a frame obeying (b), one must have foralla =1, ..., m
d d d
—(Xi,y) = —(Xi, Zy) = —(Xi, Jz,y) = 0.
dt< i) dt< i» Za) dt< i Iz, V)

Since @f})} = 0, these equation are

(V5Xip) =0, (V5Xi Za) = —(Xi, V5 24),
(VEXi, Iz, 7) = —(Xi, V5(Jz, 7).

Taking into account also condition (c), and recalling that {Jz,y/llyx|},_, constitutes a
g-orthonormal set perpendicular to £;(y) and y3, we obtain that the frame, if it exists,
must be a solution of (4.2). The latter is linear and it has a unique solution defined on [0, 7]
for any given initial condition X (0), ..., X,—»—1(0), which we chose to be in £;(y). By
construction, these solutions satisfy

(VeXi X) = —(VEX, X)), Yij=1l...n—m—1L.

In particular, (a) holds for all # provided that the initial condition is orthonormal, and by
construction also (b) and (c) hold for all z. This prove the existence of the frame. Finally, since
(4.2) is linear, its solutions are uniquely determined up to a constant linear transformation
which, due to condition (a), must be orthogonal. O

4.1 Proof of Theorem 4.1

Fixe > 0.Letx € M and y ¢ Cut.(x). Let y : [0, r.] — M be the unique g.-geodesic,
parametrized with unit speed, joining x with y. Let X1, ..., X,,_,,—1 be the moving frame
of Lemma 4.4 (itdependson ¢). Fori =1,...,n —m — 1, let

Wit) = fO)Xi(@), 1€[0,r],

for some smooth non-negative function f : [0, r;] — R, with f(0) =0 and f(r;) = 1, to
be chosen later. By Theorem B.8, with D = V¢, we have at r,

Hess" re (X, X;) < (Wi(re). VEWi(re)),

—/ (VEVEW: + RS (Wi, y)y, W) dt. (4.3)
0
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Using the properties of the frame, one has (W; (r;), @; Wi(re)) = f(rg), for all i, and thus

n—m—1

S Wi, VEWi(re)), = (1 —m = 1) f (re). (4.4)

i=1
We focus now on the integrand in the r.h.s. of (4.3):
(Wi, Wi) = (VEVEW:, W), + RE (Wi, y. 7. Wi). (4.5)
Recall that 7 is the torsion of V¢ (which is completely skew-symmetric by Lemma B.3)
while T is the torsion of V. Dropping the index i, for the first term in (4.5) we obtain
(VEVEW:L W), = (VEVEW; — V(TP (y, W), Wi),

= (VEVEW;, Wi), + (€ (7. W), VE W),

= [ = FPVEXLVEX), + AT X0, VEXG),

= ff= VX =T, X)) — JEXi + T3, VEXi),

=ff- f(V‘E Xi = J5Xi 4+ Jx, 7, VSX) (4.6)
where we used the fact that || X; || = 1, that T¢ is completely skew-symmetric, and that by
definition X; € £;(y) which is means that 7 (y, X;) = 0.

Using the homogeneity properties of Lemma 4.3, the fact that X; € £;(y), and that
lyv] — 0as e — 0, we obtain

Gex, = —— Z (Vo D)z, y) )z, 7 + O(e). 4.7)
PXE= e 2 Ve Dz 2y '

Furthermore, again by Lemma 4.3,
1 .
JpXi = EJ}',VXi +0(@), Jxy=0(). (4.8)

Replacing (4.7)—(4.8) in (4.6) and using assumption (ii), we obtain

7212

This gives the first term of (4.5). For the second term, a lengthy computation specialized to
the case W; € £;(y), using again (ii), and that ||yy | — 0 as ¢ — 0, yields

2 m
(VEVEW Wi) = ff — / (Z(x,,wmzw P +0(e)>

5 . o 1 .
R*(Xi, 7,7, Xi) = RY (Xi, ym, v, Xi) — VX iy Xis ) + O(e).

Therefore, for (4.5) we obtain
1 m
iWi, W) = ff+ [Rv<x,~, Vi P XD = o D (Xis (Vig Dz, vm)
a=1
1 .
_g((vX,- Dy Xis ) + 0(8)} . 4.9

Recall that X1, ..., X,_,,—1 constitutes a g-orthogonal frame for £;(y). Using assumption
(iii), the term of order é in (4.9) vanishes after taking the sum over i. Hence, using the
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curvature assumption (4.1) we obtain

n—m—1

D iWL Wi = (e —m = Df F+ Pyl (o + 0). (4.10)
i=1 T

Plugging (4.10) and (4.4) into (4.3) we obtain

tre; () HessV'r . Te .. .
e estre) gy (" (f + pellynl® f) dt
n—m-—1 0
where p, — p uniformly as ¢ — 0, and the Lh.s. is computed at y = y (r).
Notice that if p > 0 then also p; > 0 for sufficiently small . Thus, we can choose f such
that the integrand is zero, satisfying the prescribed boundary conditions f(0) = f(r;) —1 =
0, that is

sin (/¢ 7 17)

f0) = - : .
sin (/e 17272 )
We finally obtain
tre; (y) Hessﬁgrl . )
% < VPellyrll cot (e llyxlire).

A standard argument by contradiction, based on the properties of the Riemannian cut locus,
yields for r. = d.(x, y) the following inequality:

T

~lvw II«/pT: IVarsWIl/Pe

We are ready to conclude. By assumption y ¢ Cutg(x). By Proposition 2.8, this means that
y ¢ Cut,(x) for all sufficiently small ¢ > 0. Recall that by Remark 2.9 itholds || Vx| — 1,
and furthermore d; — dy as ¢ — 0 by Lemma A.1. We have then

de(x,y) <

do(x, y) < %, Vy ¢ Cuto(x).

Since Cuty(x) is a nowhere dense set for all x € M, it follows that the sub-Riemannian
diameter is not greater that 7/,/p and since dy is complete then M is compact.

We can apply the same argument to the universal cover M obtaining that the fundamental
group of M is finite. m}

A Smooth convergence of the canonical variation

In this appendix we prove Proposition 2.8, concerning the convergence of d. — dj and all
its derivatives in the compact-open topology outside of the sub-Riemannian cut locus.

We first state two preliminary results. We refer in their proofs to [1, 37] for basic facts
in sub-Riemannian geometry, such as endpoint map, exponential map, singular trajectories
and Lagrange multipliers. Only in this section, the notation (A, X) denotes the action of
one-forms A € T*M on vectors X € TM.

Lemma A.1 We have that d, — do uniformly on compact sets of M, as ¢ — O.
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Proof Firstly, note that d, is increasing as e — 0.Let x, y € M. Fix a sequence y; : [0, 1] —
M of minimizing g.-geodesics joining x with y. Letting d = d, we have

d(ye(t), Ye(s)) < de(Ve(t), ve(s)) = |t —s|de(x,y) < |t —s|do(x,y), V0<e=<1

Letting + = 0 in the above equation, we have d(x, y:(s)) < dp(x,y), forall 0 < ¢ < 1.
In particular, the sequence y, is equicontinous and uniformly bounded. By Ascoli-Arzela
theorem, and up to extraction of a subsequence, y, converges uniformly to a curve yy.

Let X1,...,Xn, Z1, ..., Zy be alocal frame, orthonormal for g, defined in a compact
neighborhood K of yp. All geodesics y, are contained in K, for sufficiently small ¢ in the
mentioned subsequence. For any control u € L2([0, 1], R™*™), consider the following ODE
on M:

pO) =Y wiOXi ) + Y tniaOZa(y @),  y(©0) =x. (A.D)
i=1

a=1

Let 4 C L%([0, 1], R"*™) be the subspace such that the solution of (A.1) is well defined
up to time 1. We consider the endpoint map with initial point x, End, : &4 — M, which
associates with a control u € L%([0, 1], R"*™) the final point y (1) of the solution to (A.1).
We stress that End, does not depend on ¢. For a given control u € U, associated with a
trajectory y,, its energy is

1o
Jg<u)=§/0 P dt, &> 0.

If y, is a g.-geodesic, we have d. (y, (0), )/,,(l))2 = 2J.(u), as a consequence of the Cauchy-
Schwarz inequality.

To any minimizing g.-geodesic Y, in the aforementioned sequence, we associate through
(A.1) the corresponding control uy = (U, Uye) € L2([0, 1], R"*™), where

ure € L([0, 1, R"),  uy, € L*([0, 1], R™).
Notice that
1
2Je(ue) = lurellfa + luv,ellja = d7 (x, y) < dj(x, y).

It follows that ||u3¢ ¢ |72 is bounded, and |luy ¢||;2 — 0. By weak compactness of bounded
sets of L2, we have that, up to extraction of subsequences,

ue—it = (iip, 0) € L*([0, 1], R™™™).

Notice that the associated trajectory y. converges uniformly to the limit trajectory y with
control #, and hence End, (z) = y. By the weak semi-continuity of the norm

litll 2 < lim inf flug |2 < lim inf d (x, y) < do(x, y) < llill 2. (A2)
£— £—
Thus, all inequalities in (A.2) are equalities, and thanks to monotonicity, we have
do(x,y) = lim dy(x, y) = lim flue |2 = [lull 2.
e—0 e—0

In particular d; — dp, uniformly on compact sets by Dini’s theorem. We remark that the
weak convergence and norm convergence of u, imply the L2 convergence iz —> i. O
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For x € M, and ¢ > 0 we denote by exp$ : 7'M — M the Riemannian exponential
map (on the cotangent space), while exp, = expg : TYM — M is the sub-Riemannian one.
For all ¢ > 0, we recall that exp¥, is the projection 7 : T*M — M of the Hamiltonian flow

e'fe . T*M — T*M associated to the (sub-)Riemannian structure g,.

LemmaA.2 Let y. : [0, 1] — M be a sequence of minimizing g.-geodesics, starting from
x € M, all contained in a common compact subset of M. Let As € TN be the initial
covector of Ve, that is ye(t) = expi(the) for all t € [0,1]. Let y = limg_q ys(1), and
assume that y ¢ Cuto(x). Let y : [0, 1] — M be the unique sub-Riemannian minimizing
geodesic between x and y, with initial covector A € T}M, such that y (t) = exp, (t)) for all
t €10, 1]. Then y; — ¥ uniformly and b — & as & — 0.

Proof Arguing as in the proof of Lemma A.l we have that y, converges up to extraction to
a limit constant-speed minimizing sub-Riemannian geodesic y joining x with y. Since we
are assuming that y ¢ Cutg(x), there is only one such y and thus Y, — y with no need
for extraction (since any sub-sequence converges up to extraction to the same limit). For
sufficiently small ¢ the family y, is contained in a compact neighbourhood of y, where a
local g-orthonormal frame X1, ..., X, Z; ..., Z,, has been fixed, so that the endpoint map
End, is well defined. Let also u, € Lz([O, 1], R be the control of y,, for & > 0, and let
ii be the control of 7. Again as in the proof of Lemma A.1, u, — i in L.

Since each y; is a length-minimizer between x and y,, for all ¢ > O there exists a Lagrange
multiplier 7. € 7} M such that

(ne, Dy, Endy (v)) = Dy, Je (v), v e L2([0, 1], R"™™). (A.3)

We now prove that, if y is not a singular geodesic, that is, if i is not a critical point of End,,
then 7, converges to the Lagrange multiplier 77 of . We remark that if y is non-singular,
then the Lagrange multiplier  will be unique.

In order to simplify the r.h.s. of (A.3), we restrict ourselves to sub-Riemannian variations,
that is to v € L2([0, 1], R") C L?([0, 1], R"*™). In this case D, J:(v) = Dy, J(v), where
J = Ji, and (A.3) reads

(ne, Dy Endy (v)) = (ug, v) 2, Vv € L%([0, 1], R"). (A.4)

We claim that for any u sufficiently close to u and smooth vector field V on M, there exists
a sub-Riemannian variation v(x) € L2([0, 1], R") (depending on the choice of V') such that
D,End,(v(u)) = V,, where z = End, (1), and the map u — v(u) is continuous. To prove
the claim, note that thanks to our assumption, « is a regular point for the sub-Riemannian
endpoint map (that is the endpoint map restricted to controls of the form u = (u4, 0)). In
other words, there exist vy, ..., Uy4m € L2([0, 1], R") such that D;End, (v;) € T,M, for
i = 1,...,n+ m, are independent vectors. Since u — D,End, is continuous, the same
holds (with the same v;) for all controls u# in an open neighbourhood U C L2([0, 1], R"*™)
of u. Up to restricting U, we can assume that End(U) C O, where O is a coordinated
neighbourhood of End, (#) = y. Let

n+m
d:UxR"™ - Ux o0, D(u,a) = (u,Endx <u+Zaivi>>.
i=1

By the inverse function theorem, there exists a local inverse. More precisely, and up to
restriction of the domains, there exists an inverse @1 : U x O — U x R"™™ Let § :
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(—a, a) — M be a smooth curve with §(0) = z and §(0) = V, € T,M. We have
O ' (u, 8(r)) = (u,a(u, 7)), with Endy(u+ ) a;(u, 1)v;) = 8(1),

anda : U x (—a, a) — R"™ is smooth. The map v : U — L2([0, 1], R™) given by

n+m

we Y
i=1

is smooth, and satisfies D, End, (v(u)) = V., by construction. This proves the claim.
By plugging such a choice of v(u,) in (A.4), we obtain

Ne, V) = (ug, v(ug)) 2. (A.5)

In particular, since u, — u and v(u,) — v(i), we have proved that for any choice of smooth
vector field V on M, the Lh.s. of (A.5) is convergent. This is equivalent to the convergence
of n. to some 1 € T;,"M. Taking the limit in (A.3) we obtain

o

el
d

(u, 0)v;,
T

(n, DzEndy (v)) = (i, v) 2, Yo € L*([0, 1], R").

By definition, this means that 7 is the unique normal Lagrange multiplier associated with the
minimizing sub-Riemannian geodesic y with control u.

It is well-known that the normal extremal lift A, : [0, 1] — T*M of y, (resp. the normal
extremal lift X of 7) can be recovered from the Lagrange multiplier by the Hamiltonian flows

e'He . T*M — T*M given by the Hamiltonian H, associated with g, for all & > 0 (resp.

tH

the sub-Riemannian Hamiltonian flow e’** associated with the sub-Riemannian Hamiltonian

H). More precisely,
ko) = D), and R = DG,

Since H, — H uniformly on compact sets as functions on 7*M, it follows that 1. (1) — ()
uniformly for ¢ € [0, 1], which is thus equivalent to the convergence of the initial covector
Ae(0) = 1(0). O

We are now ready for the proof of Proposition 2.8.

Proof of Proposition 2.8 Fix x € M, and let F : T)M x (—1,1) — M x (=1, 1) be the
smooth map given by

F(k, &) = (expi()), €)

where expf : 7'M — M denotes the (sub-)Riemannian exponential map associated with the
structure g.. Notice that the latter is well defined and smooth for all values of ¢ € (—1, 1), as
the projection 7 : TM — M of the Hamiltonian flow of H,. By our assumption, there exists
a unique minimizing go-geodesic joining x with y, with initial covector A, and the latter is a
regular point for exp?. The differential of F at (&, 0) is given by

IF(r,8) . .
—F¢

(di.o)F) (. &) = ((d;\ exp’; )i + P ,s> . (L eTi U xR

Since rank(d; exp%) = n, by the inverse function theorem there exist neighbourhoods U C

TiMof &, I = (—¢’,¢’) C (—=1,1) of 0,and V C M of y and a smooth diffeomorphism
G:VxI—Ux1Isuchthat FoG =Idy;.
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This means that for all |¢| < ¢" and for all z € V there exists a unique A, ; € U such that
exps (As,;) = z, corresponding to a geodesic y, ; between x and z. Clearly x and z are not
conjugate along this geodesic. We claim that, up to restricting further V and ¢’, the curve y; .
is the unique minimizing g.-geodesic joining x with z.

Indeed, assume by contradiction that there is a sequence z, — y and &, — 0 and
minimizing geodesics y, joining x with z,, with initial covector A, ¢ U, and whose length
is not greater than the length of y,,_ ., . Let also y be the minimizing go-geodesic between x
and y. By Lemma A.2, we have that y,, — y,and A, — X, which is a contradiction, as Mg,
is separated from X.

To prove the smoothness part of the statement, we remark that the map (z, &) — Ag;
built above is smooth. Furthermore by minimality one has d, (x, 2)? = 2H, (Aze). That is,
in terms of a g-orthonormal frame for g in a neighbourhood of V, it holds

n m
de(x,2)* =) (e Xi(@) + 8 ) (ko2 Za(2)%,

i=1 a=1

thus proving that the squared distance d; (x, z) is jointly smooth in both variables for || < &’
and z € V. Since V is separated from x, we have d,(x, z) > 0O for all z € V, and the joint
smoothness of d, (x, z) follows. O

B On the index lemma and adjoint connections

Let (M, g) be a Riemannian manifold. Let V be a metric connection, with torsion 7. We
also use the notation g = (, ) for the scalar product. The endomorphism J : TM — TM is
defined by (JxY, Z) = (X, T(Y, Z)).

LemmaB.1 Lety : [0, r] — Mbe asmooth length-parametrized curve. LetT'(t, s) : [0, r] x
[—¢, e] — M be a one-parameter variation of y with fixed endpoints. Let X = 05T |5—0.
Then

.

di Z(F(~,s)):—/ (Vyy + Jpy, X)dt.
S |s=0 0

In particular, y is a locally distance minimizing geodesic if and only if Vy,y + J;y = 0.

Given an affine connection D, with torsion Tor, the adjoint connection D is defined by the

formula ﬁXY = DxY — Tor(X, Y). Observe that 5 =D.

Proof Consider the vector fields S = I',d; and I"d,, which in particular satisfy 7'(¢, 0) =
y(t) and S(r,0) = X(1). By definition, if U C [0, r] x [—¢, €] any sufﬁcier_ltl}i small open
and S and T are arbitrary vector fields on M extending S|y and T'|U, then [S, T'l|rw) = 0.
We hence have the following identities,
VT = V7S (B.1)
VsVrT = R(S, T)T + VrVsT (B.2)
Using the identity (B.1), we obtain

d "(VsT, T) ’
Zoury = | S lar= | (VeS+T(S, T), T)dt
ds|,— o ITI 0

= (8, T)iZo — /
0

r r

(V7T + JrT, S)dt = —/0 (Vpy + Jypy, X)dt,
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where the integrand is computed at s = 0, and ||T'(¢, 0)|| = ||y ()| = 1. o

LemmaB.2 LetV be a metric connection. Then there always exists an associated connection
D which is metric with metric adjoint D, given by

DyxY = VxY + JxY.

Proof Since Jx : TM — TM is skew-symmetric, D is metric. Let Tor be the torsion of D.
We have:
DxY = DxY —Tor(X,Y) = VxY — T(X,Y) — JxY + Jy X
=VxY-TX,Y)+ JyX.
Since BxY := —T(X,Y) + Jy X satisfies (BxY,Y) =0, D is metric. m]

We also highlight the following observation which is simple to verify.

Lemma B.3 The adjoint D of a metric connection D is metric if and only if the tensor
X,Y,Z+— (Tor(X,Y), Z) is completely skew-symmetric.

From now on, we assume that D is a metric connection such that Dis metric, which is
always possible thanks to Lemma B.2. In particular, the geodesic equation is Dy = 0 or,

equivalently, Dy = 0.

LemmaB.4 Lety : [0,r] — M be a geodesic. A vector field V along y is a Jacobi field if
and only if

D;yDyV +R(V,7)y =0.
Proof Letx = y(0),and I" : [0, r] x (—¢, &) — M be a one-parameter variation associated
with V. In particular I'(¢,0) = y(¢), ['(¢, s) is a geodesic for all fixed s € (—¢, ¢), and

0sT'(¢,0) = V(t). Let T = TI',0; and S = TI',.05. Using the identity Dy T = 0 and (B.2), we
deduce

0=DsDrT =R(S,T)T + DrDsT = R(S,T)T + DrDrS.
Computing the above at s = 0 yields the statement. O

LemmaB.5 Lery : [0, r] — M be a unit-speed geodesic joining x € M with y ¢ Cut(x).
Letr =d(x,-), and X € T,(»nM, with X L y(r). Then

Hess? (r)(X, X) = /0 <(Dy V.DyV) — (R(V. )y v>) dt,

where, HessP denotes the Hessian with respect to the connection D and, in the integrand, V
denotes the Jacobi field along y such that V(0) = 0and V (r) = X.

We remark that using the Jacobi equation and the fact that D is metric, one has
Hess” (r) (X, X) = (X, Dy V(r)).

Proof Consider a geodesic curve o : (—¢, ) — M with o (0) = y (), and with 6 (0) = X.
For any s € (—¢,¢) lett — I'(¢,s) be the unique length-parametrized geodesic joining
¥ (0) with o (s). This family is well defined and smooth since y () is outside of the cut locus,
provided that ¢ is small. Let S = I',d; and T = I',9,. Indeed, T (¢, 0) = y(¢) and S(¢, 0) =
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V(). Notice that by construction ||7(¢,0)|| = 1. Furthermore, the boundary conditions
and Jacobi equation imply that (V, y) = 0 for all times. Then, with the understanding that
everything is computed at s = 0, we have

) a (" d (1
D’r(X,X)=— | IITlldt =— | ——(DsT,T)dt
ds* Jo ds Jo ITl

d |
=— | ——(DyS+Tor(S,T), T)dt
ds Jo Tt

= fo (—(DsT.T)(D7S.T) + (DsDyS, T) + (DrS, DsT)) dt
=/Or(D5DTS, T)+ (DS, DrS)

= /Or ((DTS, DrS)+ R(S.T.S. T) + (DrDsS. T)) dt

= (Ds6(0), y(r) + /0 (<DTS, DrS) —R(S,T,T, S)) dt

r
= / (D V. DyV) = RV, 7.7, V) dr,
0
where, in the second-to-last line, we used the fact that o is a geodesic. O

Definition B.6 Let y : [0, r] — M be a unit-speed geodesic. For any vector field W along
y, we define the index form as

(W, W) = /0 ((Dy- W, Dy W) — (R(W, y)7, W)) dt.

We emphasize the fact that / (W, W) coincides for all compatible connections D with skew-
symmetric torsion, including the Levi-Civita connection of g. We recall the classical index,
Lemma see e.g. [33, Cor. 6.2] and [42, Thm. 1.1.11]

LemmaB.6 Lety : [0, r] — M be a unit-speed geodesic free of conjugate points. Let W be
a vector field along y, and let V be the Jacobi field along y such that V (0) = W(0) and
V(r) = W(r). Then

IV, V)= 1I(W, W),
with equality if and only if V. = W.
We summarize all the above results in a single theorem.

Theorem B.8 Let (M, g) be a Riemannian manifold, with metric connection V. There always
exists a metric connection D which also has a metric adjoint, given by

DxY =VxY + JxY.

A length-parametrized curve y : [0,r] — M is a geodesic if and only if Dyy = 0 o,
equivalently, if ﬁ};)'/ = 0, and a vector field V along y is a Jacobi field if and only if

D};byV +R(V,y)y =0,

where R is the curvature associated with D.
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The index lemma holds, that is if y (r) ¢ Cut(y(0)), for any vector field W L y along y
such that V (0) = 0 it holds

Hess? (r)(V, V) < (W, W),

with equality if and only if W is a Jacobi field perpendicular to y.

Acknowledgements F. B. was supported in part by the NSF Grants DMS-1660031, DMS-1901315 and the
Simons Foundation. S. V.-M. was supported in part by the NSF Grant DMS-1901315 (PI F. Baudoin). E. G.
was supported in part by the Research Council of Norway (Project Number 249980/F20). L. R. was supported
by the Grants ANR-15-CE40-0018 and ANR-18-CE40-0012 of the ANR, and by a public grant as part of the
Investissement d’avenir project, reference ANR-11-LABX-0056-LMH, LabEx LMH, in a joint call with the
“FMIJH Program Gaspard Monge in optimization and operation research”. This project has received funding
from the European Research Council (ERC) under the European Union’s Horizon 2020 research and innovation
programme (Grant Agreement GEOSUB, No. 945655).

Funding Open access funding provided by Scuola Internazionale Superiore di Studi Avanzati - SISSA within
the CRUI-CARE Agreement.

Data availibility Data sharing not applicable to this article as no datasets were generated or analysed during
the current study.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Agrachev, A., Barilari, D., Boscain, U.: A Comprehensive Introduction to Sub-Riemannian Geometry.
Cambridge University Press, Cambridge (2019)
2. Agrachev, A., Barilari, D., Rizzi, L.: Sub-Riemannian curvature in contact geometry. J. Geom. Anal.
27(1), 366-408 (2017)
3. Agrachev, A., Lee, PW.Y.: Generalized Ricci curvature bounds for three dimensional contact sub-
Riemannian manifolds. Math. Ann. 360(1-2), 209-253 (2014)
4. Agrachev, A., Lee, PW.Y.: Bishop and Laplacian comparison theorems on three-dimensional contact
sub-Riemannian manifolds with symmetry. J. Geom. Anal. 25(1), 512-535 (2015)
5. Agrachev, A.A.: Any sub-Riemannian metric has points of smoothness. Dokl. Akad. Nauk 424(3), 295—
298 (2009)
6. Barilari, D., Ivanov, S.: A Bonnet-Myers type theorem for quaternionic contact structures. Calc. Var.
Partial Differ. Equ. 58(1), 37 (2019)
7. Barilari, D., Rizzi, L.: A formula for Popp’s volume in sub-Riemannian geometry. Anal. Geom. Metr.
Spaces 1, 42-57 (2013)
8. Barilari, D., Rizzi, L.: Comparison theorems for conjugate points in sub-Riemannian geometry. ESAIM
Control Optim. Calc. Var. 22(2), 439-472 (2016)
9. Barilari, D., Rizzi, L.: Sharp measure contraction property for generalized H-type Carnot groups. Com-
mun. Contemp. Math. 20(6), 1750081 (2018)
10. Barilari, D., Rizzi, L.: Sub-Riemannian interpolation inequalities. Invent. Math. 215(3), 977-1038 (2019)
11. Barilari, D., Rizzi, L.: Bakry—Emery curvature and model spaces in sub-Riemannian geometry. Math.
Ann. 377(1-2), 435-482 (2020)
12. Barletta, E.: On the pseudohermitian sectional curvature of a strictly pseudoconvex CR manifold. Differ.
Geom. Appl. 25(6), 612-631 (2007)
13. Baudoin, F.: Stochastic analysis on sub-Riemannian manifolds with transverse symmetries. Ann. Probab.
45(1), 56-81 (2017)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Comparison theorems on H-type sub-Riemannian manifolds Page390f39 143

19.
20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

31.

32.

33.

34.

35.

36.
37.

38.

39.

40.

41.
42.

Baudoin, F., Cho, G.: The subelliptic heat kernel of the octonionic Hopf fibration. Potential Anal. 55(2),
211-228 (2021)

. Baudoin, F., Garofalo, N.: Curvature-dimension inequalities and Ricci lower bounds for sub-Riemannian

manifolds with transverse symmetries. J. Eur. Math. Soc. (JEMS) 19(1), 151-219 (2017)

Baudoin, F., Grong, E., Kuwada, K., Thalmaier, A.: Sub-Laplacian comparison theorems on totally
geodesic Riemannian foliations. Calc. Var. Partial Differ. Equ. 58(4), 130 (2019)

Baudoin, F., Grong, E., Rizzi, L., Vega-Molino, S.: H-type foliations. Differ. Geom. Appl. 85, 101952
(2022)

Baudoin, F., Kim, B., Wang, J.: Transverse Weitzenbock formulas and curvature dimension inequalities
on Riemannian foliations with totally geodesic leaves. Commun. Anal. Geom. 24(5), 913-937 (2016)
Baudoin, F., Wang, J.: The subelliptic heat kernel on the CR sphere. Math. Z. 275(1-2), 135-150 (2013)
Baudoin, F., Wang, J.: The subelliptic heat kernels of the quaternionic Hopf fibration. Potential Anal.
41(3), 959-982 (2014)

Besse, A.L.: Einstein Manifolds. Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in
Mathematics and Related Areas (3)], vol. 10. Springer, Berlin (1987)

Calin, O., Chang, D.-C., Markina, I.: Geometric analysis on H-type groups related to division algebras.
Math. Nachr. 282(1), 44-68 (2009)

Cannarsa, P., Rifford, L.: Semiconcavity results for optimal control problems admitting no singular min-
imizing controls. Ann. Inst. H. Poincaré Anal. Non Linéaire 25(4), 773-802 (2008)

Capogna, L., Danielli, D., Pauls, S.D., Tyson, J.T.: An introduction to the Heisenberg Group and the
Sub-Riemannian Isoperimetric Problem. Progress in Mathematics, vol. 259. Birkhduser, Basel (2007)
Cordero-Erausquin, D., McCann, R.J., Schmuckenschlidger, M.: A Riemannian interpolation inequality
a la Borell, Brascamp and Lieb. Invent. Math. 146(2), 219-257 (2001)

Cowling, M., Dooley, A.H., Kordnyi, A., Ricci, F.: H-type groups and Iwasawa decompositions. Adv.
Math. 87(1), 1-41 (1991)

Hladky, R.K.: Connections and curvature in sub-Riemannian geometry. Houston J. Math. 38(4), 1107-
1134 (2012)

Hormander, L.: Hypoelliptic second order differential equations. Acta Math. 119, 147-171 (1967)
Hughen, W.K.: The sub-Riemannian geometry of three-manifolds. . Thesis (Ph.D.)-Duke University.
ProQuest LLC, Ann Arbor, MI (1995)

Ivanov, S.P., Vassilev, D.N.: Extremals for the Sobolev Inequality and the Quaternionic Contact Yamabe
Problem. World Scientific Publishing Co. Pte. Ltd., Hackensack (2011)

Juillet, N.: Geometric inequalities and generalized Ricci bounds in the Heisenberg group. Int. Math. Res.
Not. IMRN 13, 2347-2373 (2009)

Juillet, N.: Sub-Riemannian structures do not satisfy Riemannian Brunn—Minkowski inequalities. Rev.
Mat. Iberoam. 37(1), 177-188 (2021)

Lee, J.M.: An Introduction to Curvature. Riemannian Manifolds. Graduate Texts in Mathematics, vol.
176. Springer, New York (1997)

Lee, PW.Y,, Li, C., Zelenko, I.: Ricci curvature type lower bounds for sub-Riemannian structures on
Sasakian manifolds. Discrete Contin. Dyn. Syst. 36(1), 303-321 (2016)

Montgomery, R.: A Tour of Subriemannian Geometries, Their Geodesics and Applications. . Mathematical
Surveys and Monographs, vol. 91. American Mathematical Society, Providence (2002)

Rifford, L.: Ricci curvatures in Carnot groups. Math. Control Relat. Fields 3(4), 467-487 (2013)
Rifford, L.: Sub-Riemannian Geometry and Optimal Transport. SpringerBriefs in Mathematics, Springer,
Cham (2014)

Rifford, L., Trélat, E.: Morse—Sard type results in sub-Riemannian geometry. Math. Ann. 332(1), 145-159
(2005)

Rizzi, L., Silveira, P.: Sub-Riemannian Ricci curvatures and universal diameter bounds for 3-Sasakian
manifolds. J. Inst. Math. Jussieu 18(4), 783-827 (2019)

Rizzi, L., Stefani, G.: Failure of curvature-dimension conditions on sub-Riemannian manifolds via tangent
isometries. J. Funct. Anal. 285(9), 110099 (2023)

Strichartz, R.S.: Sub-Riemannian geometry. J. Differ. Geom. 24(2), 221-263 (1986)

Wang, F.-Y.: Analysis for Diffusion Processes on Riemannian Manifolds. Advanced Series on Statistical
Science and Applied Probability, vol. 18. World Scientific Publishing Co. Pte. Ltd., Hackensack (2014)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Comparison theorems on H-type sub-Riemannian manifolds
	Abstract
	1 Introduction
	Uniform comparison theorems

	2 Preliminaries: H-type sub-Riemannian manifolds
	2.1 Hladky connection and canonical variation
	2.2 The H-type and the J2 conditions
	2.3 The sub-Riemannian limit
	2.3.1 H-type structures are ideal

	2.4 The comparison principle

	3 Uniform comparison theorems for H-type foliations with parallel horizontal Clifford structure
	3.1 The splitting
	3.2 Comparison in the direction of the geodesic
	3.3 Comparison of Riemannian type
	3.4 Comparison of Sasakian type
	3.5 Sub-Riemannian diameter bounds
	3.6 Sub-Laplacian comparison theorems
	3.7 Removing the J2 condition
	3.7.1 A finer splitting
	3.7.2 Hessian comparison theorems
	3.7.3 Sub-Laplacian comparison theorems


	4 A sharp sub-Riemannian Bonnet–Myers theorem for general H-type sub-Riemannian manifolds
	4.1 Proof of Theorem 4.1

	A Smooth convergence of the canonical variation
	B On the index lemma and adjoint connections
	Acknowledgements
	References






